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The dissertation of Gabriele Pompa is currently under review.

IMT Institute for Advanced Studies, Lucca

2015

http://www.imtlucca.it








Contents

Abstract ix

1 Affine Models: preliminaries 3
1.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.2 Pricing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 VIX and VIX derivatives 17
2.1 Markets: definitions and empirical facts . . . . . . . . . . . . . . . . 18

2.1.1 VIX Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.1.2 VIX Futures . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.1.3 VIX Options . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.2 Models: standalone and consistent approach . . . . . . . . . . . . . . 27
2.2.1 Standalone models of VIX . . . . . . . . . . . . . . . . . . . . 27
2.2.2 Consistent models of S&P500 and VIX . . . . . . . . . . . . . 33

3 The Heston++ model 54
3.1 Pricing VIX derivatives with the Heston++ model . . . . . . . . . . 56

3.1.1 Model specification . . . . . . . . . . . . . . . . . . . . . . . . 56
3.1.2 Nested models . . . . . . . . . . . . . . . . . . . . . . . . . . 59
3.1.3 SPX and VIX derivatives pricing . . . . . . . . . . . . . . . . 60

3.2 A general displaced affine framework for volatility . . . . . . . . . 65
3.2.1 Affine modeling of VIX index . . . . . . . . . . . . . . . . . . 72
3.2.2 Affine modeling of VIX derivatives . . . . . . . . . . . . . . 76

4 The Heston++ model: empirical analysis 79
4.1 Empirical analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
4.2 Calibration results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

vii



4.2.1 Impact of the short-term . . . . . . . . . . . . . . . . . . . . . 100
4.2.2 Analysis with Feller condition imposed . . . . . . . . . . . . 111

4.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

A Mathematical proofs and addenda 120
A.1 Conditional characteristic functions ofHmodels . . . . . . . . . . . 120
A.2 Proof of Proposition 4: CH++

SPX (K, t, T ) . . . . . . . . . . . . . . . . . 123
A.3 Proof of Proposition 5: V IXH++

t . . . . . . . . . . . . . . . . . . . . 123
A.4 Proof of Proposition 6: FH++

V IX (t, T ) and CH++
V IX (K, t, T ) . . . . . . . . 123

A.5 Proof of proposition 9: EQ
[∫ T

t
Xsds

∣∣∣Ft] . . . . . . . . . . . . . . . 125
A.6 Proof of proposition 11: FV IX(t, T ) and CV IX(K, t, T ) under the

displaced affine framework . . . . . . . . . . . . . . . . . . . . . . . 128
A.7 Affinity conservation under displacement transformation of instan-

taneous volatility . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

References 139

viii



Abstract

The growing demand for volatility trading and hedging has lead to-
day to a liquid market for derivative securities written on it, which
made these instruments a widely accepted asset class for trading, di-
versifying and hedging. This growing market has consistently driven
the interest of both practitioner and academic researchers, which can
find in VIX and derivatives written on it a valuable source of infor-
mations on S&P500 dynamics, over and above vanilla options. Their
popularity stems from the negative correlation between VIX and SPX
index, which make these instruments ideal to take a pure position on
the volatility of the S&P500 without necessarily taking a position on its
direction. In this respect futures on VIX enable the trader to express a
vision of the markets future volatility and call options on VIX offer pro-
tection from market downturns in a clear-cut way. From the theoreti-
cal point of view, this has lead to the need of a framework for consis-
tently pricing volatility derivatives and derivatives on the underlying,
that is the need to design models able to fit the observed cross-section
of option prices of both markets and properly price and hedge exotic
products. The consistent pricing of vanilla options on S&P500 and fu-
tures and options on VIX is a requirement of primary importance for
a model to provide an accurate description of the volatility dynamics.
Since equity and volatility markets are deeply related, but at the same
time show striking differences, the academic debate around the rele-
vant features should a model incorporate in order to be coherent with
both markets is still ongoing. In this thesis we leverage on the growing
literature concerning the developing of models for consistently pricing
volatility derivatives and derivatives on the underlying and propose
the Heston++ model, which is an affine model belonging to the class
of models analyzed by Duffie et al. (2000) with a multi-factor volatil-
ity dynamics and a rich jumps structure both for price and volatility.
The multi-factor Heston (1993) structure enables the model to better
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capture VIX futures term structures along with maturity-dependent
smiles of options. Moreover, both correlated and idiosyncratic jumps
in price and volatility factors help in reproducing the positive sloping
skew of options on VIX, thanks to an increased level of the skewness
of VIX distribution subsumed by the model. The key feature of our ap-
proach is to impose an additive displacement, in the spirit of Brigo and
Mercurio (2001), on the instantaneous volatility dynamics which, act-
ing as lower bound for its dynamics, noticeably helps in capturing the
term structure of volatility. Both increasing the fit to the at-the-money
term structure of vanilla options, as already pointed out in Pacati et al.
(2014), and remarkably capturing the different shapes experienced by
the term structure of futures on VIX. Moreover, we propose a general
affine framework which extends the affine volatility frameworks of
Leippold et al. (2007), Egloff et al. (2010) and Branger et al. (2014) in
which the risk-neutral dynamics of the S&P500 index features several
diffusive and jump risk sources and two general forms of displace-
ment characterize the dynamics of the instantaneous variance process,
which is affine in the state vector of volatility factors. The instanta-
neous volatility is modified according to a general affine transforma-
tion in which both an additive and a multiplicative displacement are
imposed, the first supporting its dynamics, the second modulating its
amplitude. We calibrate the Heston++ model jointly and consistently
on the three markets over a sample period of two years, with over-
all absolute (relative) estimation error below 2.2% (4%). We analyze
the different contributions of jumps in volatility. We add two sources
of exponential upward jumps in one of the two volatility factors. We
first add them separately as an idiosyncratic source of discontinuity
(as in the SVVJ model of Sepp (2008b)) and then correlated and syn-
chronized with jumps in price (as in the SVCJ model of Duffie et al.
(2000)). Finally, we let the two discontinuity sources act together in the
full-specified model. For any model considered, we analyze the im-
pact of acting a displacement transformation on the volatility dynam-
ics. In addition, we perform the analysis restricting factor parameters
freedom to satisfy the Feller condition. Our empirical results show a
decisive improvement in the pricing performance over non-displaced

x



models, and also provide strong empirical support for the presence of
both price-volatility co-jumps and idiosyncratic jumps in the volatility
dynamics.
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Introduction

The recent financial crisis has raised the demand for derivatives directly linked to
the volatility of the market. This growing demand has lead today to a liquid mar-
ket for VIX derivatives, futures and options written on the CBOE VIX volatility
index Carr and Lee (2009).

Their popularity stems from the negative correlation between VIX and SPX
index, which make these instruments ideal to take a position on the volatility of
the S&P500 without necessarily taking a position on its direction. In this respect
futures on VIX enable the trader to express a vision of the market’s future volatility
and call options on VIX offer protection from market downturns in a clear-cut way.

This growing market has consequently driven the interest of both practitioner
and academic researchers, finding in volatility and derivatives written on it a valu-
able source of informations on the returns dynamics over and above vanilla op-
tions (Andersen et al., 2002; Bardgett et al., 2013; Chung et al., 2011; Kaeck and
Alexander, 2012; Mencı́a and Sentana, 2013; Song and Xiu, 2014).

Indeed equity and volatility markets are deeply related, but at the same time
show striking differences. The academic debate around the relevant features should
a model incorporate in order to be consistent with both markets is still ongoing
(Bardgett et al., 2013; Branger et al., 2014; Mencı́a and Sentana, 2013).

In this thesis we leverage on the growing literature concerning the building of
models for consistent pricing volatility derivatives and derivatives on the under-
lying and propose the Heston++ model, which is a an affine model with a multi-
factor volatility dynamics and a rich jumps structure both in price and volatility.

The multi-factor Heston (1993) structure enables the model to better capture
futures term structures along with maturity-dependent smiles. Moreover, both
correlated and idiosyncratic jumps in price and volatility factors help in repro-
ducing the positive sloping skew of options on VIX, thanks to an increased level
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of the skewness of VIX distribution subsumed by the model.
Nevertheless, the key feature of our approach is to impose an additive dis-

placement, in the spirit of Brigo and Mercurio (2001), on the instantaneous volatil-
ity dynamics which, acting as lower bound for its dynamics, noticeably helps in
capturing the term structure of volatility expressed both through the ATM term
structure of vanilla options, as already pointed out in Pacati et al. (2014), and
through the term structures of futures on VIX.

Moreover, we propose a general affine framework which allows for a gen-
eral affine transformation of the instantaneous volatility, both imposing an addi-
tive displacement which support its dynamics, and a multiplicative displacement
which modules its amplitude.

Overall, we conduct an extensive analysis with the Heston++ model and its
several nested specifications and we find an outstanding ability in fitting the two
SPX and VIX options surfaces together, along with very different shapes of the
term structure of VIX futures, with an overall absolute (relative) pricing error of
2.2% (4%), showing a decisive improvement in the pricing performance over non-
displaced models.

Moreover the remarkable ability of the Heston++ model in capturing features
of the VIX options skew, without compromising the ability in fit the smile of the
vanilla surface, provide a strong empirical support for the presence of two sources
of upward jumps in volatility, one synchronized and correlated with the price
dynamics, the second one independent and idiosyncratic.

The thesis is structured as follows:

• Chapter 1 introduces the mathematical infrastructure of affine models in the
footsteps of Duffie et al. (2000).

• Chapter 2 presents the market of VIX and volatility derivatives and the
growing contributions of the literature.

• Chapter 3 introduces the Heston++ model and gives closed-form pricing
formulas for SPX and VIX derivatives. Moreover, the general displaced
affine framework is introduced.

• Chapter 4 describes the empirical analysis conducted with the Heston++
model and its nested specifications and presents the results.
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Chapter 1

Affine Models: preliminaries

(With a bit of philosophy). The problem of valuing financial securities, describing
the dynamics of the term structure of interest rates, pricing options and estimating
credit-risk instruments would in general depend on (and require) the knowledge
with certainty of just an infinite amount of state variables X describing the system
under exam. A reductionist approach is a must. If one accepts the idea of giving at
most a probabilistic description (and in addition of only a few) of the state vari-
ables really driving the quantities to be evaluated, then interestingly a particular
property of the dynamics ofX is able to dramatically reduce the complexity of the
problem. This is the affinity property.
(Keeping discussion informal). An affine process is a stochastic process X in
which the drift vector, which governs the deterministic component of the dynam-
ics of X , the instantaneous covariance matrix, which describes how diffusive ran-
domness enters in each component Xi of X and spreads through the others Xj ,
and the jump arrival intensities, responsible for discontinuities in the dynamics
of X , are all very simple functions of the value of X at that time, that is affine
functions.
(Taking it seriously). Prominent examples among affine processes in term-structure
literature are the Gaussian model of Vasicek (1977) and square-root CIR model of
Cox et al. (1985). Duffie and Kan (1996) introduce a general multivariate class of
affine jump diffusion models of interest-rates term-structures. Concerning the op-
tion pricing literature most of subsequent models built on the particular affine
stochastic-volatility model for currency and equity prices proposed by Heston
(1993). These were, among many, the models proposed by Bates (1996), Bakshi
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et al. (1997), Duffie et al. (2000), Eraker (2004) and Christoffersen et al. (2009), that
brought successively jumps in returns and in volatility factor(s), either idiosyn-
cratic or simultaneous and correlated, while maintaining the simple property that
the (logarithm of the) characteristic function, which - entirely and univocally - de-
scribes the statistical and dynamical properties of the state vector X , is an affine
function ofX itself. A property that is crucial and guarantees an otherwise usually
hopeless mathematical tractability of asset-pricing and risk-measures problems.
In this respect, a truly breakthrough has been made by Duffie et al. (2000), who
study in full generalities the properties of affine jump diffusion models, from their
characterization, to the problem of pricing, deriving in particular closed-form ex-
pressions for a wide variety of valuation problems, trough a transform analysis.
This opens the way to richer - but still tractable - models both for equity and other
derivatives, such as those written on the volatility of an underlying process, that
will be introduced in the next Chapter.
This Chapter is structured as follows: in Section 1.1 we will introduce affine pro-
cesses, substantially following Duffie et al. (2000), then in Section 1.2 we will de-
rive their pricing formula for call options on equity, which is based on Fourier
transform analysis, and connect it to the widespread formula of Geman et al.
(1994), which is based on a change of numeraire technique.

1.1 Definition

We will refer to the notation in Duffie et al. (2000). The n-dimensional jump-
diffusion process (Duffie et al., 2000, sec. 2.2) Xt = (x1, x2, ..., xn)T , solving the
SDE

dXt = µ(t,Xt)dt+ σ(t,Xt)dWt + dZt (1.1)
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where Wt is an n-dim standard Wiener and Zt is a n-dim pure jump process, is
said an affine jump-diffusion (AJD) process if the following dependencies holds:

drift vector : µ(t,X) = K0 +K1X for (K0,K1) ∈ Rn ×Mn×n

covariance matrix : (σ(t,X)σT (t,X))ij = (H0)ij + (H1)ij ·X
= (H0)ij +

∑n
k=1(H

(k)
1 )ijXk

for (H0, H1) ∈Mn×n × Tn×n×n with H(k) ∈Mn×n

jump intensities : λ(t,X) = λ0 + λ1 ·X for (λ0, λ1) ∈ R× Rn

short rate : R(t,X) = R0 +R1 ·X for (R0, R1) ∈ R× Rn

(1.2)

A more formal definition of affine process Xt can be found in Duffie et al. (2003),
where a (regular) affine process is characterized in three equivalent ways: stating
the form of its infinitesimal generator A (Theorem 2.7), giving the expression for
its characteristic triplet (Theorem 2.12) and requiring the infinite decomposability
property of its associated distribution (Theorem 2.15). In particular, the previ-
ous requirements corresponds to their characterization of admissible parameters,
as given in their Definition 2.6. In this thesis we will deal in particular with 3-
dimensional state vectors Xt consisting of log-price xt and two volatility factors
σ2
i,t, as:

Xt =

 xt
σ2

1,t

σ2
2,t

 (1.3)

or eventually permutations of these components. According to the specification
analysis developed in Dai and Singleton (2000), under some non-degeneracy con-
ditions and a possible reordering of indices (associated to a permutation of the
components of the state vector), it is sufficient for affinity of the diffusion (1.1)
that the volatility matrix σ(t,X) is of the following canonical form:

σ(t,X)n×n = Σn×n
√
V n×n = Σn×n


√
V1(X) 0 · · · 0

0
√
V2(X) · · · 0

...
...

. . .
...

0 0 · · ·
√
Vn(X)

 (1.4)

where Σ, V ∈ Mn×n with Vii = Vi(X) = ai + bi · X , with ai ∈ R and bi ∈ Rn.
This sufficient conditions have been extended by Collin-Dufresne et al. (2008) and
Cheridito et al. (2010) to allow for the possibility of a number m of independent
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Wiener processes possibly greater than the number of state variables n ≤ m:

σ(t,X)n×m = Σn×m
√
V m×m = Σn×m


√
V1(X) 0 · · · 0

0
√
V2(X) · · · 0

...
...

. . .
...

0 0 · · ·
√
Vm(X)

 (1.5)

where Σ ∈ Mn×m (n ≤ m) and V ∈ Mm×m, with diagonal elements defined
as before. The extended canonical form (1.5) is not the most general condition, but
in the present contest it will be sufficient. Indeed, we will consider only affine
models in which the state vector’s components follow only CIR (Cox et al., 1985)
diffusions (+ jumps) and no Gaussian components will be present (Cheridito et al.,
2010; Collin-Dufresne et al., 2008).
At any time t ∈ [0, T ] the distribution of Xt, as well as the effects of any discount-
ing, is described by the characteristic χ(K,H, λ, jumps, R) w.r.t. which expectations
are taken. A generalized transform is introduced (u = (u1, ..., un)T )

Ψχ(u,Xt, t, T ) = Eχ

[
exp

(
−
∫ T

t

R(s,Xs)ds

)
eu·XT

∣∣∣ Ft] (1.6)

where u ∈ Cn which, for affine processes, may be expressed in the familiar exponential-
affine form (Duffie et al., 2000, Prop. 1):

Ψχ(u,Xt, t, T ) = eα(t)+β(t)·Xt (1.7)

where α(t) and each component βk(t) (k = 1, ..., n) of β(t) solve the set of equa-
tions:

α̇(t) = ρ0 −K>0 β −
1

2
βTH0β − λ0 (θ(β)− 1) (1.8)

β̇k(t) = ρ1 −KT
1 β −

1

2

n∑
i,j=1

βi(H
(k)
1 )ijβj − λ1 (θ(β)− 1) (1.9)

with terminal conditions:

α(T ) = 0 (1.10)
β(T ) = u (1.11)

This can be proved by applying Ito’s lemma to find dΨχ(Xt), with dXt given as
in (1.1). Unless jump intensities are constant (λ(t,Xt) ≡ λ0), equations (1.9) are
coupled, with different components of β mixed. Therefore α and β will have the
following dependencies in general:

α = α(t, T, u = (u1, ..., un)T ) (1.12)
βk = βk(t, T, u = (u1, ..., un)T ) (1.13)

6



Function θ(c), which is in fact the moment generating function of jump ampli-
tudes Z, is called jump transform:

θ(c) =

∫
Ω

ec·Zdν(Z) (1.14)

with c = (c1, c2, ..., cn)T ∈ Cn, Ω ⊆ Rn and ν(Z = (z1, z2..., zn)T ) denoting the
multivariate jump-size distribution under the measure associated to χ. The first
component z1 will usually denotes the jump-size of the log-price and c1 its conju-
gated variable, whereas zi and ci, with i > 1, are associated with volatility factors.1

The payoff function Ga,b(·), a, b ∈ Rn, y ∈ R is introduced as follows

Ga,b(y,Xt, t, T, χ) = Eχ

[
exp

(
−
∫ T

t

R(s,Xs)ds

)
ea·XT Ib·XT≤y

]
(1.15)

which has a clear pricing interpretation if the chosen measure is the risk-neutral
one (χ = χQ): Ga,b(y,Xt, t, T, χQ) is the price at time t of a claim which pays at
time T the amount ea·XT if the claim is in-the-money at time T (that is if b·XT ≤ y).

1.2 Pricing

From (1.15), it is clear that the risk-neutral evaluation of the price at time t of an
European call option (of maturity T and strike: K) may be written in the log-price
xt = logSt as (ε(1)i = 1 if i = 1 and 0 otherwise)

C(t, T,K) = EQ
[
exp

(
−
∫ T

t

R(s,Xs)ds

)
(exT −K)+

]
(1.16)

= Gε(1),−ε(1)(− logK,Xt, T, χQ)−KG0,−ε(1)(− logK,Xt, T, χQ)

where (x)+ = max(x, 0).2 Interestingly, they found a closed-form expression for
Ga,b(y) in terms of the Ψχ transform, via inversion of its Fourier transform Ga,b(z):

Ga,b(y,Xt, t, T, χ) =
Ψχ(a,Xt, t, T )

2
− 1

π

∫ ∞
0

Im
[
e−izyΨχ(a+ izb,Xt, t, T )

]
z

dz

(1.17)

Proof. Given in (Duffie et al., 2000, App. A).

1Unless a permutation of indexes has been performed.
2This expression must be changed in case permutations of the components of Xt apply: ε(1) have

to be replaced by ε(i) if the i-th component of Xt is the log-price xt.

7



This last expression allows to give a closed-form expression for the price of a
large class of securities in which the state process is an AJD.
In this Section we will elaborate on the connection between the Duffie et al. (2000)
generalized transform and payoff function on a side, and on the S-martingale and
T-forward measures and characteristic functions of the general option pricing for-
mula of Geman et al. (1994) on the other side. We start with a simple Lemma
concerning change of numeraire transformations. We will state it as a Lemma to
be self-contained in the present exposition, but it is in fact a manipulation of (Ge-
man et al., 1994, Corollay 2 of Theorem 1) and the notation is borrowed from Björk
(Bjork, 1998, Prop. 26.4).

Lemma 1. Assume that there exist two equivalent (on FT ) martingale measures Q0 and
Q1, whose associated numeraire processes are S0 and S1, respectively. Then, the likelihood
process L1

0(t) of the change of numeraire transformation Q0 → Q1 verifies:

S0(t)

S0(T )
=

S1(t)

S1(T )
· L1

0(T )

EQ0
[
L1

0(T )|Ft
] 0 ≤ t ≤ T (1.18)

Proof. According to (Geman et al., 1994, Cor. 2), the likelihood process L1
0(t) de-

fined in (Bjork, 1998, Eq. 26.18) and recalled here (0 ≤ t ≤ T ) takes the form

L1
0(t) =

S0(0)

S1(0)

S1(t)

S0(t)
(1.19)

Therefore
S0(t)

S0(T )
=

S1(t)

S1(T )

L1
0(T )

L1
0(t)

(1.20)

and thus the thesis holds since L1
0(t), as defined in (1.19), is a Q0-martingale.

We will make use of this Lemma in order to connect, via the Abstract Bayes’
Formula (Bjork, 1998, Prop. B.41), expectations under a given Q0 measure with
those under an ad hoc chosen Q1 measure. The general context of application is
illustrated in the following Q0-compound expectation of the variable X :

EQ0
[ S0(t)

S0(T )
· X |Ft

]
=
EQ0

[
S1(t)
S1(T ) · XL

1
0(T )|Ft

]
EQ0

[
L1

0(T )|Ft
] = EQ1

[ S1(t)

S1(T )
· X |Ft

]
(1.21)

We will specialize Lemma 1 to transformations of the risk-neutral measure Q0 =
Q, which is the martingale measure associated to the riskless money account

B(t) = B(0)exp
(∫ t

0

R(s,Xs)ds
)

(1.22)
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where we have defined the (possibly stochastic) short rate consistently with the
AJD notation above. In particular, we will consider, as ad hoc Q1 measures, the
following two equivalent martingale measures:

• S-martingale measure, QS : whose associated numeraire is the price process
S(t) of the asset and, according to definition (1.19), the likelihood process
LS(t), 0 ≤ t ≤ T of the change of numeraire transformation Q→ QS is

LS(t) =
B(0)

S(0)

S(t)

B(t)
(1.23)

• T-forward measure, QT : whose associated numeraire is the price process of a
zero-coupon bond maturing at time T

p(t, T ) = EQ
[ B(t)

B(T )
|Ft
]

(1.24)

which is worth p(T, T ) = 1 at maturity. Correspondingly, the likelihood
process LT (t), 0 ≤ t ≤ T of the change of numeraire transformation Q→ QT
takes the form

LT (t) =
B(0)

p(0, T )

p(t, T )

B(t)
(1.25)

Corollary 1. Consider the risk-neutral measure (Q) and the equivalent (on FT ) martin-
gale measures S-martingale (QS) and T-forward (QT ). Then the discounting factor may
be expressed as follows (0 ≤ t ≤ T ):

exp
(
−
∫ T

t

R(s,Xs)ds
)

=


S(t)

S(T )
· LS(T )

EQ[LS(T )|Ft]
if Q→ QS

p(t, T ) · LT (T )

EQ[LT (T )|Ft]
if Q→ QT

(1.26)

Proof. Straightforward from the definition of riskless money account (1.22) and
specializing Lemma 1 to the likelihood processes LS(t) and LT (t) in (1.23) and
(1.25).

Corollary 1 will be needed in order to relate the risk-neutral specification ΨχQ

of the generalized transform3 (defined in (1.6))

ΨχQ(u,Xt, t, T ) = EQ

[
exp

(
−
∫ T

t

R(s,Xs)ds

)
eu·XT

∣∣∣ Ft] (1.27)

3Under Q, χ is χQ and note thatEχQ [·] has exactly the same meaning ofEQ[·], so we have preferred
the latter notation, which is more familiar to every body.
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of the state vector processXt with its characteristic functions under the S-martingale
and T-forward measures, as presented in the following Proposition 1. Let us first
introduce the conditional characteristic functions of the log-price process xt at
time T under QS and QT , respectively:

f1(z;Xt) = EQS
[
eizxT |Ft

]
(1.28)

f2(z;Xt) = EQT
[
eizxT |Ft

]
(1.29)

where the dependencies on the entire state vector process Xt = (xt, σ
2
1,t, σ

2
2,t, ...)

T

is in general legitimate. These can be extended to the entire process n-dimensional
Xt process (at time T ) as follows:

F1(z;Xt) = EQS
[
eiz·XT |Ft

]
(1.30)

F2(z;Xt) = EQT
[
eiz·XT |Ft

]
(1.31)

We have not change notation as it should be clear by the context, but to be crystal-
clear: in (1.28) and (1.29) the Fourier variable is z ∈ R, whereas in the general
versions (1.30) and (1.31) it is z ∈ Rn.

Proposition 1. Consider the risk-neutral measure (Q) and the equivalent (on FT ) mar-
tingale measures S-martingale (QS) and T-forward (QT ). Then, the risk-neutral spec-
ification ΨχQ (1.27) of the generalized transform Ψχ (1.6) may be expressed as follows
(u ∈ Cn):

ΨχQ(u,Xt, t, T ) =


S(t)EQS

[
eu·XT

S(T )
|Ft
]

p(t, T )EQT
[
eu·XT |Ft

] (1.32)

at any time 0 ≤ t ≤ T . Moreover, expressing u = Re(u)+ i Im(u), with Re(u), Im(u) ∈
Rn, we have in particular:

• if the log-price xt is the i-th component ofXt and if Re(u) = ε(i), then ΨχQ verifies:

ΨχQ
(
ε(i) + i Im(u), Xt, t, T

)
= S(t)F1

(
Im(u);Xt

)
(1.33)

where theXT conditional characteristic function (w.r.t. QS) F1(z;Xt) is defined as
in (1.30).

10



• if evaluated on the pure-imaginary sub-space u = i Im(u), ΨχQ verifies:

ΨχQ
(
i Im(u), Xt, t, T

)
= p(t, T )F2

(
Im(u);Xt

)
(1.34)

where the XT conditional characteristic function (w.r.t. QT ) F2(z;Xt) is defined
as in (1.31).

These results are invariant under permutations of the components of the state vector Xt.

Proof. By definition (1.27) of ΨχQ , applying the first of (1.26), we get:

ΨχQ(u,Xt, t, T ) =
EQ
[
S(t)
S(T )e

u·XTLS(T )|Ft
]

EQ
[
LS(T )|Ft

]
= EQS

[
S(t)

S(T )
eu·XT |Ft

]
= S(t)EQS

[
eu·XT

S(T )
|Ft
]

(1.35)

which is the first of (1.32). Last equality holds since the asset price S(t) at time t
is Ft-measurable. Concerning with the second of (1.32), considering again (1.27)
and the second of (1.26), we get:

ΨχQ(u,Xt, t, T ) =
EQ
[
p(t, T )eu·XTLT (T )|Ft

]
EQ
[
LT (T )|Ft

]
= EQT

[
p(t, T )eu·XT |Ft

]
= p(t, T )EQT

[
eu·XT |Ft

]
(1.36)

where last equality holds as the zero-coupon bond price p(t, T ) at time t is Ft-
measurable.
Equations (1.33) and (1.34) are particular cases of (1.32) and are obtained express-
ing u ∈ Cn as u = Re(u) + i Im(u), exploiting conditions on real/imaginary parts
and substituting definitions (1.30) and (1.31) into (1.42) and (1.43), respectively.
The invariance under permutations is achieved since equations (1.32), as well as
the condition resulting into the (1.34), concern only scalar products4; moreover

4The scalar product is unaffected by the same reshuffling of the components of the vectors involved
in the product. If the reshuffled vectors have the form x′ = πx, then since the permutation matrix π
must be unitary (in the present Real context it is simply orthogonal):

x′ · y′ = (πx) · (πy) = (πT πx) · y = (π−1πx) · y = x · y. (1.37)
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the condition Re(u) = ε(i), resulting into the (1.33), accounts explicitly for any
possible reshuffling of the components of Xt.

Dealing with (risk-neutral) pricing evaluation of an European call option (1.16),
we will have to evaluate the payoff function Ga,b(y) with 1-dimensional specifi-
cations of vectors a and b. Thus the vector u ∈ Cn (on which the ΨχQ transform
have to be evaluated), will have only one nonzero component, the first one or - if
permutations of Xt apply - the one corresponding to the log-price component xt.

The following Corollary of Proposition 1 provides a match of the relevant-for-
pricing evaluation of the generalized transform Ψχ of Duffie et al. (2000), with the
conditional characteristic functions associated to the S-martingale and T-forward
distributions of the log-price appearing in the general option pricing formula (Ge-
man et al., 1994, Th. 2).

Corollary 2. Consider the setting of Proposition (1) and in particular if the log-price xt
is the i-th component of Xt. Then:

• if Re(u) = ε(i) and Im(u) = zε(i), then ΨχQ verifies:

ΨχQ
(
ε(i) + izε(i), Xt, t, T

)
= S(t)f1(z;Xt) (1.38)

where the conditional characteristic function f1(z;Xt) (w.r.t. QS) of the log-price
xT is defined as in (1.28).

• if Im(u) = zε(i), then ΨχQ verifies:

ΨχQ
(
izε(i), Xt, t, T

)
= p(t, T )f2(z;Xt) (1.39)

where the conditional characteristic function f2(z;Xt) (w.r.t. QT ) of the log-price
xT is defined as in (1.29).

These results are invariant under permutations of the components of the state vector Xt.

Proof. From definitions (1.28) and (1.29) of the log-price characteristic functions,
equations (1.38) and (1.39) are straightforward specializations of (1.32) (first and
the second, respectively). The invariance w.r.t. permutations of the components
of the state vector Xt is explicitly accounted in the ε(i) notation.

The following Proposition for the risk-neutral specification of the payoff func-
tion

Ga,b(y,Xt, t, T, χQ) = EQ

[
exp

(
−
∫ T

t

R(s,Xs)ds

)
ea·XT Ib·XT≤y

]
(1.40)

parallels equations (1.32) of Proposition (1) for the generalized transform ΨχQ .
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Proposition 2. Consider the risk-neutral measure (Q) and the equivalent (on FT ) mar-
tingale measures S-martingale (QS) and T-forward (QT ). Then, the risk-neutral specifi-
cation (1.40) of the payoff function (1.15) may be expressed as follows (a, b ∈ Rn, y ∈ R):

Ga,b(y,Xt, t, T, χQ) =


S(t)EQ

S

[
ea·XT

S(T )
Ib·XT≤y|Ft

]
p(t, T )EQ

T

[
ea·XT Ib·XT≤y|Ft

] (1.41)

These results are invariant under permutations of the components of the state vector Xt.

Proof. The proof is an application of Lemma 1. From the risk-neutral specification
(1.40) of Ga,b and applying the first of (1.26), we get:

Ga,b(y,Xt, t, T, χQ) =
EQ
[
S(t)
S(T )e

a·XT Ib·XT≤yLS(T )|Ft
]

EQ
[
LS(T )|Ft

]
= EQ

S

[
S(t)

S(T )
ea·XT Ib·XT≤y|Ft

]
= S(t)EQ

S

[
ea·XT

S(T )
Ib·XT≤y|Ft

]
(1.42)

which is the first of (1.41). Last equality holds since the asset price S(t) at time t
is Ft-measurable. Concerning with the second of (1.41), considering again (1.40)
and the second of (1.26), we get:

Ga,b(y,Xt, t, T, χQ) =
EQ
[
p(t, T )ea·XT Ib·XT≤yLT (T )|Ft

]
EQ
[
LT (T )|Ft

]
= EQ

T

[
p(t, T )ea·XT Ib·XT≤y|Ft

]
= p(t, T )EQ

T

[
ea·XT Ib·XT≤y|Ft

]
(1.43)

where last equality holds as the zero-coupon bond price p(t, T ) at time t is Ft-
measurable. The invariance under permutations holds since equations (1.41) in-
volve only scalar products.

From the risk-neutral evaluation (1.16) of the price of an European call, if the
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log-price xt is the i-th component of Xt, then it becomes:

C(t, T,K) = EQ

[
exp

(
−
∫ T

t

R(s,Xs)ds

)
(S(T )−K)

+

]
(1.44)

= Gε(i),−ε(i)(− logK,Xt, T, χQ)−KG0,−ε(i)(− logK,Xt, T, χQ)

As it represents a price, whose numerical value must be independent from the
specific evaluation setting, equation (1.44) must coincide with the general option
pricing formula given in Theorem 2 of Geman et al. (1994)

C(t, T,K) = S(t)QS
(
S(T ) ≥ K

)
−Kp(t, T )QT

(
S(T ) ≥ K

)
(1.45)

which is written in its general formulation, allowing for the possibility of a stochas-
tic short rate R. The next Corollary to Proposition 8 closes the circle, as it states
the correspondence between the risk-neutral pricing formula in the DPS setting
and the general one of GKR. It parallels Corollary 2, which links the generalized
transform under Q with the characteristic functions under QS and QT .

Proposition 3. Consider the setting of Proposition (8). In particular if the log-price xt is
the i-th component of Xt. Then:

Gε(i),−ε(i)(− logK,Xt, T, χQ) = S(t)QS
(
S(T ) ≥ K

)
(1.46)

G0,−ε(i)(− logK,Xt, T, χQ) = p(t, T )QT
(
S(T ) ≥ K

)
(1.47)

These results are invariant under permutations of the components of the state vector Xt.

Proof. Equations (1.46) and (1.47) are straightforward specializations of (1.41) (first
and the second, respectively). The invariance w.r.t. permutations of the compo-
nents of the state vector Xt is explicitly accounted in the ε(i) notation.

In the context of GKR, once the characteristic functions (1.28) and (1.29) have
been found, the pricing formula (1.45) can be explicitly (numerically) evaluated as
follows:

QS
(
S(T ) ≥ K

)
=

1

2
+

1

π

∫ ∞
0

Re

[
e−iz log(K)f1(z;Xt)

iz

]
dz (1.48)

QT
(
S(T ) ≥ K

)
=

1

2
+

1

π

∫ ∞
0

Re

[
e−iz log(K)f2(z;Xt)

iz

]
dz (1.49)

whereas, recalling the expression in (1.17) for Ga,b, in the Duffie, Pan and Single-
ton setting the pricing formula (1.44) lead us to evaluate the following integrals (if
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the log-price is the i-th component of Xt):

Gε(i),−ε(i)(− logK,Xt, T, χQ) =
ΨχQ(ε(i))

2

− 1

π

∫ ∞
0

Im
[
eiz log(K)ΨχQ(ε(i)− izε(i))

]
z

dz

(1.50)

G0,−ε(i)(− logK,Xt, T, χQ) =
ΨχQ(0)

2

− 1

π

∫ ∞
0

Im
[
eiz log(K)ΨχQ(−izε(i))

]
z

dz (1.51)

where 0 is a n-vector of zeros. In order to prove (1.46) and (1.47) we can
demonstrate that the integral expressions (1.50) and (1.51) in fact coincides with
(1.48) and (1.49) respectively. And this is indeed the case, thanks to Corollary 2.
Observe that for any complex valued function5 g : C → C we have Im(g(z)) =
Re(g(z)/i) and Im(z) = − Im(z∗) ∀z ∈ C. Moreover, recalling the definition (1.6),
under complex conjugation (denoted with the ∗):

Ψχ∗(u,Xt, t, T ) =Ψχ∗(Re(u) + i Im(u), Xt, t, T ) (1.52)
=Ψχ(Re(u)− i Im(u), Xt, t, T ) (1.53)
=Ψχ(u∗, Xt, t, T ) (1.54)

This lead us to (only relevant dependencies written explicitly):

Ga,b(y) =
Ψχ(a)

2
− 1

π

∫ ∞
0

Im
[
e−izyΨ(a+ izb)

]
z

dz

=
Ψχ(a)

2
+

1

π

∫ ∞
0

Im
[
eizyΨ∗(a+ izb)

]
z

dz

=
Ψχ(a)

2
+

1

π

∫ ∞
0

Re

[
eizyΨ∗(a+ izb)

iz

]
dz

=
Ψχ(a)

2
+

1

π

∫ ∞
0

Re

[
eizyΨ(a− izb)

iz

]
dz (1.55)

In addition we observe that:

ΨχQ(ε(i), Xt, t, T )
1.33
= S(t) (1.56)

ΨχQ(0, Xt, t, T )
1.34
= p(t, T ) (1.57)

5and thus a fortiori this holds for a real-valued one
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Therefore, beginning with (1.50), we have:

Gε(i),−ε(i)(− logK,Xt, T, χQ) =
ΨχQ(ε(i))

2
− 1

π

∫ ∞
0

Im
[
eiz log(K)ΨχQ(ε(i)− izε(i))

]
z

dz

1.55
=

ΨχQ(ε(i))

2
+

1

π

∫ ∞
0

Re

[
e−iz log(K)ΨχQ(ε(i) + izε(i))

iz

]
dz

1.38,1.56
= S(t)

{
1

2
+

1

π

∫ ∞
0

Re

[
e−iz log(K)f1(x;Xt)

iz

]
dz

}
1.48
= S(t)QS

(
S(T ) ≥ K

)
(1.58)

and for (1.51) we have

G0,−ε(i)(− logK,Xt, T, χQ) =
ΨχQ(0)

2
− 1

π

∫ ∞
0

Im
[
eiz log(K)ΨχQ(−izε(i))

]
z

dz

1.55
=

ΨχQ(0)

2
+

1

π

∫ ∞
0

Re

[
e−iz log(K)ΨχQ(izε(i))

iz

]
dz

1.39,1.57
= p(t, T )

{
1

2
+

1

π

∫ ∞
0

Re

[
e−iz log(K)f2(x;Xt)

iz

]
dz

}
1.49
= p(t, T )QT

(
S(T ) ≥ K

)
(1.59)
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Chapter 2

VIX and VIX derivatives

The growing demand for trading volatility and managing volatility risk has lead
today to a liquid market for derivative securities whose payoff is explicitly deter-
mined by the volatility of some underlying. Derivatives of this kind are generi-
cally referred to as volatility derivatives and include, among many, variance swaps,
futures and options written on a volatility index known as VIX (Carr and Lee,
2009).

Variance swaps were the first volatility derivatives traded in the over-the-
counter (OTC) market, dating back to the first half of the 80s. These are swap
contracts with zero upfront premium and a single payment at expiration in which
the long side pays a positive dollar amount, the variance swap rate, agreed upon
at inception. In front of this fixed payment, the short side agrees to pay the annu-
alized average of squared daily logarithmic returns of an underlying index. The
amount paid by the floating leg is usually called realized variance.

By the end of 1998, both practitioner and academic works had already sug-
gested that variance swaps can be accurately replicated by a strip of out-of-the-
money (OTM) vanilla options (Britten-Jones and Neuberger, 2000; Demeterfi et al.,
1999). The high implied volatilities experienced in that years contributed to the
definitive take off of these instruments, with hedge funds taking short positions
in variance and banks, on the other side, buying it and contextually selling and
delta-hedging the variance replicating strip.

With the 2000s, the OTC market for volatility kept increasing, with several
innovative contracts introduced, such as options on realized variance, conditional
and corridor variance swaps1 in 2005, and timer options2 in 2007.

1These are swaps in which the floating leg pays the variance realized only during days in which a
condition is satisfied by the return process. The exact specification of the payout of these swaps differs
from firm to firm (Allen et al., 2006; Carr and Lewis, 2004).

2Exotic options whose maturity is a random stopping time, corresponding to a known amount of
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On the exchanges side of the market, the Chicago Board Options Exchange
(CBOE) introduced in 1993 the VIX volatility index. In an early formulation, the
volatility index - today known as VXO - was an average of the Black and Scholes
(1973) implied volatility of eight near term OEX American options (calls and puts
on the S&P100 index).

In 2003, CBOE completely revised the definition of VIX index under several
aspects: the underlying index was switched to be the S&P500 (SPX) and the flat
implied volatility methodology of Black and Scholes (1973) was left in favor of a
robust replication of the variance swap rate Exchange (2009), in the footprints of
results in the literature (Britten-Jones and Neuberger, 2000; Carr and Madan, 2001;
Demeterfi et al., 1999). The market definition of VIX will be presented in the next
Section.

Derivatives written on VIX index were introduced in the second half of 2000s:
VIX futures in 2004 and VIX options in 2006. Their popularity stems from the
well-known negative correlation between VIX and SPX index, which made these
instruments a widely accepted asset class for trading, diversifying and hedging.
In this respect, SPX and VIX indexes, together with options on both markets, pro-
vide a valuable source of information to better specify and understand the dy-
namics of volatility.

This has lead to the need of a framework for consistent pricing volatility deriva-
tives and derivatives on the underlying, that is the need to design models able to
fit the observed cross-section of option prices of both markets and properly price
and hedge exotic products.

The present chapter is organized as follows: next Section introduces the CBOE
VIX index, whereas derivatives written on it are presented in sections 2.1.2 and
2.1.3. Market definitions and the unique empirical properties of VIX futures and
options, which make volatility a peculiar asset class, are therein discussed. Section
2.2 is an account of the academic and practitioner contributions to VIX and VIX
derivatives literature. In particular, standalone and consistent approaches are dis-
tinguished and respectively reviewed in sections 2.2.1 an 2.2.2. The first approach
models the VIX index as a separated independent process, whilst the latter derives
it from a model for the S&P500 returns.

2.1 Markets: definitions and empirical facts

2.1.1 VIX Index

The VIX volatility index measures the 30-day expected volatility of the S&P500
index (Exchange, 2009). It is computed by CBOE as a model-free replication of

cumulated realized volatility being surpassed; product of this kind had been popularized by Société
Générale Corporate and Investment Banking (SC BIC).
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the realized variance over the following T = 30 days using a portfolio of short-
maturity out-of-the-money options on the S&P500 index over a discrete grid of
strike prices. At time t, the quantity

σ2
t,T =

2

T − t
∑
i

∆Ki

K2
i

er(T−t)Q(Ki, t, T )− 2

T − t

(
F (t, T )

K0
− 1

)2

(2.1)

is computed and the corresponding VIX index value is

V IXt = 100× σt,T (2.2)

The sum runs over a set of strikes of OTM options of price Q(Ki, t, T ) with com-
mon expiry at time T , the risk-free rate r is the bond-equivalent yield of the U.S.
T-bill maturing closest to the expiration date of the SPX options and Ki is the
strike of the i-th option. ∆Ki = (Ki+1−Ki)/2 is the interval between two consec-
utive strikes3 and F (t, T ) denotes the time-t forward SPX index level deduced by
put-call parity as

F (t, T ) = K∗ + er(T−t) [C(K∗, t, T )− P (K∗, t, T )] . (2.3)

The strike K∗ is the strike at which the price difference between an OTM call
C(K∗, t, T ) and put P (K∗, t, T ) is minimum

K∗ = Ki∗

i∗ = min
i
|C(Ki, t, T )− P (Ki, t, T )| (2.4)

and K0 is the first strike below the level of F (t, T ).
Since V IXt is expressed in annualized terms, investors typically divide it by√

256 in order to gauge the expected size of the daily movements in the stock mar-
kets implied by this index (Rhoads, 2011). Being an industry standard, several
technical details apply to VIX calculation, for which we refer to the CBOE VIX
white paper (Exchange, 2009). Among these, the time to expiration T − t is mea-
sured in calendar days and in order to replicate the precision that is commonly
used by professional option and volatility traders, each day is divided into min-
utes and the annualization is consistently referred to the minutes in the year.

Moreover, the components of the VIX calculation are near- and next-term put
and call options with, respectively, more than T1 = 23 days and less than T2 = 37
days to expiration. For these two maturity buckets, formula (2.1) is applied with
appropriate risk-free rates R1, R2, and forward SPX index levels F (t, T1), F (t, T2),

3For the lowest (highest) strikes, ∆Ki is defined as the difference between that strike and next
higher (lower) one.
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computed as in (2.3). The volatility levels σt,T1 , σt,T2 are then consistently ob-
tained. The effective variance level σ2

t,30 to be considered in VIX calculation is the
weighted average of σ2

t,T1
and σ2

t,T2

σ2
t,30 =

[
T1σ

2
t,T1

(
NT2 −N30

NT2
−NT1

)
+ T2σ

2
t,T2

(
N30 −NT1

NT2
−NT1

)]
× N365

N30
(2.5)

where NT denotes the number of minutes to settlement of option in the near-
/next-term maturity bucket and N30 (N365) is the number of minutes in 30 (365)
days. Finally, the VIX index value effectively computed is

V IXt = 100× σt,30 (2.6)

CBOE began disseminating the price level information about VIX using the method-
ology exposed here from September 22, 2003, but price data are available, back-
calculated, since 1990.

Figure 1 shows thirteen years of historical closing prices of S&P500 and VIX, in
which is evident the inverse relation between the two indexes, with VIX spiking
when the S&P500 index falls and then slowly mean-reverting toward lower levels.
Figure 2 presents the empirical VIX closing price distribution obtained with data
from 1990 to 2013. The distribution is positively skewed and leptokurtic, which is
evidently in contrast with the negatively skewed distribution of returns, which is
a stylized fact commonly found in market data.
The financial press has usually referred to VIX as the fear gauge and it is currently
considered as a reliable barometer of investor sentiment and market volatility.
The interest expressed by several investors in trading instruments related to the
market’s expectation of future volatility has lead CBOE to introduce futures and
options written on VIX index, respectively in 2004 and 2006.

2.1.2 VIX Futures

The idea of a futures contract on VIX is to provide a pure play on the volatility
level, independently of the direction of S&P500. These contracts are currently
traded at the Chicago Futures Exchange (CFE), introduced in 2003 by the CBOE
expressly to provide exchange-traded volatility derivatives.

VIX futures contracts settle on the Wednesday that is thirty days prior to the
third Friday of the calendar month immediately following the month in which the
applicable VIX futures contract expires. From figure 5, for example, the May 2004
(labelled as K4) contract settled on Wednesday, May 19, 2004.

The underlying is the VIX index and each contract is written on $1,000 times
the VIX. The date-t settlement value FV IX(t, T ) of a futures of tenor T is calculated
with a so called Special Opening Quotation (SOQ) of VIX, which is obtained from
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Figure 1: S&P500 and VIX index daily closing values from January 1990, to December 2003.
Source: Bloomber and CBOE.

a sequence of opening prices of the SPX options considered for the VIX calcula-
tion at date T . An extensive discussion of the settlement procedures and market
conventions of VIX futures can be found in the paper of Zhang et al. (2010).

From a pricing perspective, since the VIX index is not the price of any traded
asset, but just a risk-neutral volatility forecast, there is no cost-of-carry relation-
ship, arbitrage free, between VIX futures price FV IX(t, T ) and the underlying
V IXt (Grünbichler and Longstaff, 1996; Zhang et al., 2010)

FV IX(t, T ) 6= V IXte
r(T−t) (2.7)

and, differently from commodity futures, there is no convenience yield either. In
absence of any other market information, the model price of futures (and options)
on VIX have to be computed according the risk neutral evaluation formula

FV IX(t, T ) = EQ[V IXT |Ft] (2.8)

where Q denotes the martingale pricing measure and the V IXt dynamics is de-
scribed by some model, either directly (standalone approach) or implied by the
S&P500 dynamics (consistent approach), as will be discussed in the next section.
The term structure of VIX Futures is the graph obtained as a map

T =⇒ FV IX(t, T ) (2.9)
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Figure 2: VIX closing price distribution. Sample is from January 1990 to March 2013. Source:
Six Figure Investing blog.

and its shape provides interesting insights on market expectations. Figure 3 pro-
vides an example of humped term structure, in which a contango market for lower
tenors, in which investors expect future VIX (and, therefore, volatility) to rise,
is followed by a backwardation phase in which market expects volatility to calm
down somehow in the future. In figure 4, the term structure of VIX futures is plot-
ted against date between February 2006 and December 2010, spanning a period
before, during and after the financial crisis. The level of prices remains low and
the shape of the term structure upward sloping until mid-2007, suggesting a too
low perceived value of the VIX index. The period of the crisis then raised the
overall level of the prices, but the backwarding shapes suggests that market ex-
pected high volatility in the short-period, but not in the medium- to long- term.
The sample period in figure 4 ends just before the beginning of the Greek debt
crisis. By definition of futures contract, as date t approaches the settlement date
T , the price of the futures converges to the spot VIX value and at settlement

FV IX(T, T ) = V IXT (2.10)

Figure 5 provides an example of this convergence with the price time series of
four different contracts expiring between May and November 2004, starting from
values relatively far from the corresponding VIX level and gradually converging
to its level at expiration.
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Figure 3: VIX futures term structure, as observed on Monday, 29 June 2009. VIX futures settle
prices are in US$ and tenor T is expressed in years.

Figure 4: VIX futures term structure, as observed between February 2006 and December 2010.
VIX futures settle prices are in US$. Source: Mencı́a and Sentana (2013).
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Figure 5: Pattern of VIX index value and four VIX futures settle prices: May 04, Jun 04, Aug 04
and Nov 04, settling respectively on 19 May, 16 June, 18 August and 17 November 2004. Source:
The New Market for Volatility Trading (Zhang et al., 2010).

In light of the present analysis of displaced affine models, a consideration is
useful for future reference: a hump in the term structure is hard to get reproduced
by Heston-like affine models if calibrated consistently on both VIX futures, SPX
and VIX options, unless the instantaneous volatility process σt is extended with
the introduction of a so-called displacement φt, a positive deterministic function
which acts as a lower bound for the volatility process, that we found able to dra-
matically increase the fit to the term structure of futures on VIX.

2.1.3 VIX Options

Call options on VIX with maturity T and strike K are European-style options
paying the amount (V IXT −K)+ at maturity.Since they expire the same day of a
futures on VIX and subsume the same volatility reference period of 30 days start-
ing from the maturity date, from equation (2.10) they can be regarded as options
on a VIX futures contract FV IX(t, T ) sharing expiry date with the option. This
implies that VIX call (put) prices CV IX(K, t, T ) (PV IX ) can be priced according to
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the risk-neutral evaluation4

CV IX(K, t, T ) = e−rτEQ
[

(FV IX(T, T )−K)
+
∣∣∣Ft]

PV IX(K, t, T ) = e−rτEQ
[

(K − FV IX(T, T ))
+
∣∣∣Ft] (2.11)

where τ = T − t and satisfy the following put-call parity relation (Lian and Zhu,
2013, eq. 25)

CV IX(K, t, T )− PV IX(K, t, T ) = e−r(T−t) (FV IX(t, T )−K) (2.12)

Moreover, no arbitrage conditions can be expressed with respect to VIX futures
price (Lin and Chang, 2009)(

e−r(T−t) (FV IX(t, T )−K)
)+

≤ CV IX(K, t, T ) ≤ e−r(T−t)FV IX(t, T )(
e−r(T−t) (K − FV IX(t, T ))

)+

≤ PV IX(K, t, T ) ≤ e−r(T−t)K
(2.13)

Given the price of a call option on VIX,C∗V IX(K, t, T ), the implied volatility σBlkV IX(K,T )
at time t is inverted through the Black (1976) formula solving the equation (Papan-
icolaou and Sircar, 2014, Sec. 2.2)

CBlkV IX(K, t, T ;FV IX(t, T ), r, σBlkV IX(K,T )) = C∗V IX(K, t, T ) (2.14)

where
CBlkV IX(K, t, T ;F, r, σ) = e−r(T−t) (FN (d1)−KN (d2))

d1 =
log
(
F
K

)
+ 1

2σ
2(T − t)

σ
√
T − t

d2 = d1 − σ
√
T − t

(2.15)

and N (·) denotes the CDF of the standard normal distribution function.
The empirical observation of S&P500 vanilla and VIX option implied volatility

surfaces conveys relevant informations on the different nature of the two markets.
As an example of the most evident differences between the two markets, in figure
6 we plot the Black and Scholes (1973) implied volatility surface observed on Mon-
day, 29 June 2009 and in figure 7 the VIX implied surface of call options observed
on the same date.

Both options datasets have been filtered using standard procedures (Aı̈t-Sahalia
and Lo, 1998; Bakshi et al., 1997), as will be detailed for our empirical analysis in
Chapter 4. Since VIX call options are fairly more liquid than put options, only the

4As it is usually assumed in the VIX derivative literature, the short rate r is held fixed and deter-
ministic (Mencı́a and Sentana, 2013).
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Figure 6: Black and Scholes (1973) implied volatility surface of european calls and puts on
S&P500, as observed on Monday, 29 June 2009. Asterisk (triangle) markers are for mid (bid/ask)
price implied vols. Maturities are expressed in days and volatilities are in % points.

former have been reported in figure 7, and the price of an illiquid in-the-money
(ITM) call option has been inferred from the corresponding put price via put-call
parity (2.12). The SPX implied volatility surface observed in figure 6 presents typ-
ical features: a negative skew more pronounced at lower maturities with OTM
calls much more cheaper than corresponding puts. The VIX surface of figure 7
instead, shows rather peculiar characteristics: the implied volatility smile is up-
ward sloping and the volatility level is overall higher compared to vanilla options.
OTM call options on VIX are much more liquid (and are traded at higher premi-
ums) than OTM puts, showing an opposite scenario with respect to options on
S&P500, in which OTM puts are more expensive and heavily traded. A possible
explanation for this dichotomy is the following: both puts on S&P500 and calls on
VIX provide insurance from equity market downturns. On the buy-side, investors
use OTM S&P500 put options to protect their portfolios against sharp decreases
in stock prices and increases in volatility (Branger et al., 2014). On the sell-side,
market makers that have net short positions on OTM S&P500 index puts require
net long positions on OTM VIX calls to hedge their volatility risk (Chung et al.,
2011). Moreover, by holding VIX derivatives investors can expose their portfolio
to S&P500 volatility without need to delta hedge their option open positions with
positions on the stock index. Due to this possibility, VIX options are the only asset
in which open interests are highest for OTM call strikes (Rhoads, 2011).
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Figure 7: Black implied volatility surface Black (1976) of call options on VIX, as observed on
Monday, 29 June 2009. Asterisk (triangle) markers are for mid (bid/ask) price implied vols.
Maturities are expressed in days and volatilities are in % points.

2.2 Models: standalone and consistent approach

Theoretical approaches for VIX modeling can be broadly divided in two cate-
gories: a consistent and a standalone approach. The contributions considered most
relevant for this thesis will be reviewed in this section.

2.2.1 Standalone models of VIX

In the earlier standalone approach, the volatility is directly modeled, separated
from the underlying stock index process. This approach only focuses on pricing
derivatives written on VIX index without considering SPX options. A risk-neutral
dynamics for V IXt is usually assumed and pricing formulas as well as calibration
to VIX futures and options can be easily obtained. Within this stream of literature,
theoretical contributions in modeling VIX index and pricing VIX derivatives ap-
peared well before the opening of the corresponding markets.5

5In this Section we mostly follow the review of Mencı́a and Sentana (2013), though redefining the
notation in order to normalize it to the rest of the thesis.
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The GBM model of Whaley (1993)

In 1993, when VIX definition was still Black-Scholes based (i.e. VIX was what is
today known as VXO), Whaley (1993) modeled V IXt as a Geometric Brownian
Motion (GBM) under the martingale measure Q

dV IXt

V IXt
= rdt+ σdWt (2.16)

The pricing formula for a VIX call option CGBM
V IX(K, t, T ) under the model (2.16)

is the Black-76 formula Black (1976), as presented in equation (2.15) and that of a
futures is

FGBM
V IX(t, T ) = EQ[V IXT |Ft] = V IXte

r(T−t) (2.17)

The GBM dynamics is both too simple to capture the dynamics of VIX, since it
does not allow for mean-reversion, and to reproduce the positive implied skew of
VIX options, since it yields a flat implied volatility.

The observed mean-reversion property of VIX was introduced in the subse-
quent models of Grünbichler and Longstaff (1996) and Detemple and Osakwe
(2000).

The SQR model of Grünbichler and Longstaff (1996)

Grünbichler and Longstaff (1996) modeled the standard deviation of stock index
returns as a square-root mean reverting model (Cox et al., 1985)

dV IXt = α (β − V IXt) dt+ Λ
√
V IXtdWt (2.18)

where β is the long-term mean-reverting level, α the rate of mean-reversion and Λ
the constant vol-of-vol parameter. Under the SQR model, the VIX index is propor-
tional to a non-central χ2 variable with 2q + 2 degrees of freedom and parameter
of non-centrality 2u, that is at any point in time the outcome of the volatility index
process is distributed according to

2cV IXT
|Ft∼ χ2 (2q + 2, 2u) (2.19)

with
c =

2α

Λ2 (1− e−ατ )

u = cV IXte
−ατ

v = cV IXT

q =
2αβ

Λ2
− 1

(2.20)
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The transition pdf of V IXt is therefore known in closed form

pQV IX(V IXT | V IXt) = ce−u−v
( v
u

)q/2
Iq(2
√
uv)× I {V IXT ≥ 0} (2.21)

where Iq(·) is a modified Bessel function of the first kind of order q, τ = T − t and
the indicator function is defined as I {x ≥ 0} = 1 if x ≥ 0 and 0 otherwise. As a
result, the price of a VIX futures is simply (Mencı́a and Sentana, 2013, eq. 4)

FSQR
V IX(t, T ) = EQ[V IXT |Ft] = β + (V IXt − β) e−ατ (2.22)

and options on VIX can be obtained in terms of the CDF FNCχ2(·; k, λ) of a non-
central χ2 random variable with k degrees of freedom and non-centrality param-
eter λ (Mencı́a and Sentana, 2013, eq. 5)

CSQR
V IX(K, t, T ) = V IXte

−(α+r)τ
[
1− FNCχ2(2cK; 2q + 6, 2u)

]
+ β

(
1− e−ατ

) [
1− FNCχ2(2cK; 2q + 4, 2u)

]
e−rτ

−Ke−rτ
[
1− FNCχ2(2cK; 2q + 2, 2u)

] (2.23)

The LOU model of Detemple and Osakwe (2000)

Detemple and Osakwe (2000) modeled the log V IXt as an Ornstein-Uhlenbeck
process (LOU)

d log V IXt = α (β − log V IXt) dt+ ΛdWt (2.24)

which subsumes a log-normal conditional distribution for V IXt,

V IXT
|Ft∼ LogN

(
µ(t, T ), φ2(τ)

) (2.25)

where
µ(t, T ) = β + (log V IXt − β) e−ατ

φ2(τ) =
Λ2

2α

(
1− e−2ατ

) (2.26)

and therefore, as in the SQR model, β and α are the long-run mean and mean-
reversion parameters, respectively. Futures on VIX are easily priced as conditional
mean of a LogN variable

F LOU
V IX(t, T ) = EQ[V IXT |Ft] = eµ(t,T )+ 1

2φ
2(τ) (2.27)

and the price of a call option on VIX can be expressed as a Black (1976) formula
(Mencı́a and Sentana, 2013, eq. 7), given in (2.15)

CLOU
V IX(K, t, T ) = CBlkV IX(K, t, T ;F LOU

V IX(t, T ), r, φ(τ)) (2.28)
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which presents a flat implied volatility across strikes, but depending on the matu-
rity of the options, due to the time-dependent volatility parameter φ(τ).

Both SQR and LOU have been extensively studied in literature: Zhang and Zhu
(2006) analyzed the SQR pricing errors on VIX futures and Dotsis et al. (2007)
studied the gains of adding jumps. The hedging effectiveness of SQR and LOU
specifications have been tested by Psychoyios and Skiadopoulos (2006), and Wang
and Daigler (2011) added options on VIX to the testing sample. Overall, as con-
firmed by the extensive analysis conducted by Mencı́a and Sentana (2013), who
considered historical VIX and VIX derivatives data6 from February 2006 (opening
of VIX options market) to December 2010, the LOU dynamics yields lower pric-
ing errors compared to the SQR. Their performance tends to deteriorate during
the 2008-09 financial crisis and the underlying assumption of an exponentially
fast rate of mean reversion towards the long-run mean, poses both SQR and LOU
models at odds with the empirical evidence, especially during bearish stock mar-
kets when VIX takes long periods to revert from high levels. Moreover, both mod-
els are unable to reproduce the positive skew observed in VIX options, the LOU
yielding a flat implied volatility w.r.t. strike (for each maturity), and the SQR a
negative skew.

The SQR and LOU extensions of Mencı́a and Sentana (2013)

The restriction of an exponential rate of mean reversion in the SQR model, is
relaxed introducing the concatenated CSQR model (Bates, 2012)

dV IXt = α (βt − V IXt) dt+ Λ
√
V IXtdW

V IX
t

dβt = ᾱ
(
β̄ − βt

)
dt+ Λ̄

√
βtdW

β
t

(2.29)

where corr(dWV IX
t , dW β

t ) = 0. This extension features a stochastic mean revert-
ing level βt, which in turn reverts toward a long-rung level β̄. The stochastic
central tendency βt directly affects the conditional mean of EQ [V IXT | Ft], that is
the futures price (Mencı́a and Sentana, 2013, eq. 10 and 11)

FCSQR
V IX (t, T ) = β̂ + δ(τ)(βt − β̄) + (V IXt − βt) e−ατ

δ(τ) =
α

α− ᾱ
e−ᾱτ − ᾱ

α− ᾱ
e−ατ

(2.30)

6They use also historical data on the VIX index itself in order to estimate SQR and LOU models
under both under real and risk-neutral measures. Since in this thesis our focus is on derivative pricing,
we do not consider explicitly real measure specifications.
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but seems to be unable to reproduce the positive skew of VIX options, priced
according to Amengual and Xiu Amengual and Xiu (2012)

CCSQR
V IX (K, t, T ) =

e−rτ

π

∫ ∞
0

Re

[
fCSQR
V IX (z; τ)

e−Kz

z2

]
d Im(z)

Re(z) < ζc(τ) :=
2α

Λ2

1

1− e−ατ

(2.31)

where τ = T − t and

fCSQR
V IX (z; τ) = EQ [eizV IXT ∣∣Ft] (2.32)

with z = Re(z) + i Im(z) ∈ C, is the conditional characteristic function of VIX
(Mencı́a and Sentana, 2013, App. B).

Extensions of the LOU model are first considered separately.

• A CTOU model extends the log V IXt dynamics with a time-varying central
tendency

d log V IXt = α (βt − log V IXt) dt+ ΛdWV IX
t

dβt = ᾱ
(
β̄ − βt

)
dt+ Λ̄dW β

t

(2.33)

where corr(dWV IX
t , dW β

t ) = 0.

• In the LOUJ model, compensated λ intense exponential jumps introduce
non-normality in the conditional distribution of log V IXt

d log V IXt = α (β − log V IXt) dt+ ΛdWV IX
t + dMt

dMt = cdNt −
λ

αδ
dt

(2.34)

where Nt is an independent Poisson process and c ∼ Exp(δ).

• The constant spot volatility assumption is relaxed with the LOUSV

d log V IXt = α (β − log V IXt) dt+ ω2
t dWt

dω2
t = −λω2

t dt+ cdNt
(2.35)

whereNt is an independent Poisson process, with intensity λ and c ∼ Exp(δ).
The advantage of the chosen specification for the stochastic volatility ω2

t , as
compared for example with a square root dynamics, is that it allows to price
futures and options on V IXt by means of Fourier inversion of its conditional
CF.

Then in combination.

31



• Combining time-varying central tendency and jumps, the CTOUJ model is
obtained

d log V IXt = α (βt − log V IXt) dt+ ΛdWV IX
t + dMt

dβt = ᾱ
(
β̄ − βt

)
dt+ Λ̄dW β

t

dMt = cdNt −
λ

αδ
dt

(2.36)

where corr(dWV IX
t , dW β

t ) = 0 and jumps are as in the LOUJ model.

• If time-varying central tendency is combined with stochastic volatility, the
CTOUSV model is obtained

d log V IXt = α (βt − log V IXt) dt+ ωtdW
V IX
t

dβt = ᾱ
(
β̄ − βt

)
dt+ Λ̄dW β

t

dω2
t = −λω2

t dt+ cdNt

(2.37)

where corr(dWV IX
t , dW β

t ) = 0 and stochastic volatility ω2
t is as in the LOUSV

model.

All the ·OU· extensions of the basic LOU model belong to the class of the AJD pro-
cesses analyzed in Duffie et al. (2000), as shown in App. A of Mencı́a and Sentana
(2013). As a consequence, VIX derivative prices can be obtained computing the
conditional CF of the log V IXt process

f ·OU·
log V IX(z; t, T ) = EQ [eiz log V IXT

∣∣Ft] (2.38)

detailed in App. C of Mencı́a and Sentana (2013) for all ·OU· specifications. There-
fore, VIX futures are easily obtained as

F ·OU·
V IX = f ·OU·

log V IX(−i; t, T ) ≡ EQ [V IXT | Ft] (2.39)

and VIX options can be priced applying the results of Carr and Madan (1999)

C ·OU·
V IX =

e−α logK

π

∫ ∞
0

e−iu logKψα(u)du (2.40)

where

ψα(u) =
e−rτf ·OU·

log V IX(u− (1 + α)i; t, T )

α2 + α− u2 + i(1 + 2α)u
(2.41)

Their findings show that the time-varying central tendency has a deep impact
in pricing futures, whereas the time-varying stochastic volatility of VIX reduces
pricing errors on VIX options and the CTOUSV model yields the overall best fit
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in both markets. They find that jumps almost do not change futures prices and
provide a minor improvement for VIX options. In conclusion, they give empirical
support to a model of spot (log) VIX featuring time-varying central tendency and
stochastic volatility, needed to capture the level and shape of VIX futures term
structure, as well as the positive slope of options on VIX.

2.2.2 Consistent models of S&P500 and VIX

Although closed-form expressions for VIX derivatives prices are readily obtain-
able with the standalone approach, the tractability comes at the expense of con-
sistency with vanilla options. Since the same volatility process underlies both eq-
uity and volatility derivatives, a reasonable model should be able to consistently
price both vanilla on S&P500 and derivatives on VIX. A feature that is difficult to
test if the volatility dynamics is directly modeled. Moreover, VIX index itself is
computed by CBOE with a portfolio of liquid out of the money SPX vanilla, but
modeling it directly does not necessarily presumes the requested replicability.

Consistent approaches retain the inherent relationship between S&P500 and
VIX index. Given a risk-neutral dynamics for the S&P500 index St, the expression
for the VIX index in continuous time has been derived in a model-free way in
terms of the risk neutral expectation of a log contract (Lin, 2007, App. A)(

V IXt

100

)2

= −2

τ̄
EQ
[

log

(
St+τ̄

F (t, t+ τ̄)

)∣∣∣∣Ft] (2.42)

where τ̄ = 30/365 and F (t, t + τ̄) = Ste
(r−q)τ̄ denotes the forward price of the

underlying SPX (Duan and Yeh, 2010; Zhang et al., 2010). This expression links
the SPX dynamics with that of the VIX volatility index and will be at the base of
VIX derivatives pricing. Assuming a stochastic volatility affine specification ·SV·,7
as it is predominant within this stream of literature, the expression (2.42) takes a
simple form: it is an affine function of the stochastic volatility factors σ2

i,t driving
the dynamics of St (

V IX ·SV·
t

100

)2

=
1

τ̄

(
n∑
i=1

aiσ
2
i,t + bi

)
(2.43)

where (ai, bi) depend on the risk neutral drift of the volatility factors in the [t, t+ τ̄ ]
time interval and, eventually, on the presence of jumps (both in St and/or in σ2

i,t),
but not on the specification of the martingale component of the factors (Egloff
et al., 2010; Leippold et al., 2007, Corollary 1).8

7SV is for Stochastic Volatility, the dots are to synthetically include the generalization of the basic
SV model of Heston (1993) that will be considered in the following.

8The expression in (3.15) can be derived for any ·SV· model, given the dynamics of St. It will be
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Consistent models of VIX futures

Early contributions focused on the replication of the term structure of VIX futures.
Zhang and Zhu (2006), assumed a risk-neutral Heston (1993) stochastic volatility
SV model for the SPX dynamics St

dSt = rStdt+ StσtdW
S
t

dσ2
t = α(β − σ2

t )dt+ ΛσtdW
σ
t

(2.44)

where corr
(
dWS

t , dW
σ
t

)
= ρdt. Zhu and Zhang (2007), extended the (2.44) dy-

namics allowing for a time-dependent mean reverting level βt which can be cali-
brated to the term structure of the forward variance

EQ [VT | Ft] = Vte
−α(T−t) + α

∫ T

t

e−α(T−s)βsds (2.45)

The time-varying mean reverting level βt is made stochastic in the SMRSV model
of Zhang et al. (2010), where

dβt = Λ̄dW β
t (2.46)

with corr(dWσ
t , dW

β
t ) = 0 and can be calibrated to the observed VIX futures term

structure observed in a given day. The effect of jumps in the S&P500 and volatility
dynamics has been analyzed by Lin (2007), who considered the SVCJ model9 for
xt = logSt, introduced in Duffie et al. (2000)

dxt =

(
r − q − λµ̄− 1

2
σ2
t

)
dt+ σtdW

S
t + cxdNt

dσ2
t = α(β − σ2

t )dt+ ΛσtdW
σ
t + cσdNt

(2.47)

where corr
(
dWS

t , dW
σ
t

)
= ρdt. The SVCJ model features correlated co-jumps,

driven by the compound Poisson process Nt, with state-dependent intensity λ =
λ0 + λ1σ

2
t , exponentially distributed volatility jumps cσ ∼ Exp(µco,σ), jumps in

price conditionally normally distributed cx ∼ N (µco,x+ρJcσ, δ
2
co,x) | cσ . The char-

acteristic function of the jump size is given by

θco(zx, zσ) = EQ[eicxzx+icσzσ
]

=
eiµco,xzx−

1
2 δ

2
co,xz

2
x

1− iµco,σ (zσ + ρJzx)
(2.48)

and the compensator process is λµ̄t, with µ̄ = EQ [ecx − 1] = θco(−i, 0). In these
models the VIX squared is as in (3.15), where

given for any model reviewed here, will be explicitly deduced for our 2-SVCVJ++ model in Chapter
3 and will be generalized to a broad class of affine models for volatility derivatives in Proposition 10.

9SVCJ is for Stochastic Volatility with Correlated Jumps in price and volatility.
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• under the SV model in Zhang and Zhu (2006):

a(τ̄) =
1− e−τ̄α

α

b(τ̄) = β
(
τ̄ − a(τ̄)

) (2.49)

• under the time-dependent mean-reverting model MRSV in Zhu and Zhang
(2007)

a(τ̄) =
1− e−τ̄α

α

b(t, t+ τ̄) =

∫ t+τ̄

t

(
1− e−(t+τ̄−s)

)
βsds

(2.50)

• under the stochastic mean-reverting model SMRSV in Zhang et al. (2010),
the VIX index depends on the instantaneous mean-reverting level βt

a(τ̄) =
1− e−τ̄α

α

b(t, τ̄) = βt

(
τ̄ − a(τ̄)

) (2.51)

• under the SVCJ model in Lin (2007), the VIX index will depend also on the
jump sizes and correlation10

a(τ̄) =
1− e−τ̄α

α

b(τ̄) =
αβ + λµco,σ

α

(
τ̄ − a(τ̄)

)
+ 2λ

[
µ̄− (µco,x + ρJµco,σ)

] (2.52)

As already noted for the SQR standalone model, outcomes of a CIR process (Cox
et al., 1985) are proportional to a non-central χ2 random variable. Therefore,
knowing the transition function pQσ (σ2

T |σ2
t ) (which has the same functional form

as the pQV IX(V IXT |V IXt) in (2.21)), VIX futures prices under the SV model of
Zhang and Zhu (2006) can be computed taking the expected value of the VIX at
expiration

FSV
V IX(t, T ) = EQ [V IXT | Ft] = 100×

∫ ∞
0

√
a(τ̄) + b(τ̄)y pQσ (y|x)dy (2.53)

10For reasons of brevity, and as this will the specification with which we will mostly work with, we
report only the expressions for λ = λ0 and λ1 = 0. The complete expressions with λ1 > 0 can be
found in (Lin, 2007, eq 7).
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where (a, b) are given in (2.49). In the same way can be priced futures under
the MRSV in Zhu and Zhang (2007), but pQσ (σ2

T |σ2
t ) has to be evaluated Fourier-

inverting its conditional CF fσ(z;σ2
t , t, T )

pQσ (y|x) =
1

π

∫ ∞
0

e−izyfσ(z;x, t, T )dz (2.54)

Zhang et al. (2010) and Lin (2007) adopted approximated expressions.11 In the
SMRSV model in (2.46), they approximated βT with βt under the expectation
FV IX(t, T ) = EQ [V IXT | Ft], omitting O(Λ̄2) terms, and then made a third order
expansion around EQ [σ2

T

∣∣Ft], leveraging on the availability of closed-form ex-
pressions for the moments of the CIR model. For the SVCJ in (2.47), Lin proposed
a convexity adjustment to overcome the non linear relation between squared VIX,
which is a known affine function of the stochastic volatility σ2

t according to (2.52),
and VIX futures price (Lin, 2007, eq. 8 and 9)

FSVCJ
V IX (t, T ) = EQ [V IXT | Ft]

≈
√
EQ [V IX2

T | Ft]−
var[V IX2

T |Ft]
8(EQ [V IX2

T | Ft])3/2

(2.55)

With calibration performed on VIX futures data from May 2004 to November 2008,
Zhang et al. (2010) find reasonable good in sample results and, with the mean-
reverting level βt calibrated on the term structure observed in date t, the SMRSV
model predicts one day lag t+1 out-of-sample changes in the term structure rather
reliably (out-of-sample period ending on February 2009). The SVCJ model of Lin
(2007) evidenced that contribution of jumps in St is determinant (with respect
to a SV specification) in pricing the medium- to long-term structure of futures
(sample from May 2004 to April 2006), while the inclusion of jumps in volatility
σ2
t (possibly with a state-dependent intensity) reduce the out-of-sample pricing

error on short-term dated futures on VIX.
Nevertheless, the two approximations proposed in Lin (2007) and Zhang et al.

(2010) have been criticized by Zhu and Lian (2012), who showed that those ap-
proximations could be often inaccurate. Moreover, they found an exact analytical
pricing formula for futures on VIX which is applicable to any model as long as the
conditional CF fσ(z;σ2

t , t, T ) is computable. Taking as example the SVCJ model
(with constant λ = λ0), the Zhu and Lian (2012) VIX futures pricing formula is12

FSVCJ
V IX (t, T ) = EQ [V IXT | Ft]

= 100× 1

2
√
π

∫ ∞
0

1− e−sb(τ̄)/τ̄fσ(isa(τ̄)/τ̄ ;σ2
t , t, T )

s3/2
ds

(2.56)

11We refer to the papers for detailed derivations.
12 Recalling the identity

√
x = 1

2
√
π

∫∞
0

1−e−sx
s3/2

ds (Zhu and Lian, 2012, eq. A9) and Fubini theorem.
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where (a, b) are given in (2.52) and (τ = T − t)

fSVCJ
σ (z;σ2

t , t, T ) = EQ
[
eizσ

2
T

∣∣∣Ft] = eA
σ(z;τ)+Bσ(z;τ)σ2

t+Cσco(z;τ) (2.57)

is the conditional CF of σ2
t (Zhu and Lian, 2012, eq. A3), with coefficients Aσ, Bσ

and Cσco satisfying the following set of ODEs (Zhu and Lian, 2012, eq. A4)

∂Aσ(z; τ)

∂τ
= αβBσ(z; τ)

∂Bσ(z; τ)

∂τ
=

1

2
Λ2 (Bσ(z; τ))

2 − αBσ(z; τ)

∂Cσco(z; τ)

∂τ
= λ

(
θco (0,−iBσ(z, τ))− 1

) (2.58)

with initial conditions Aσ(z; 0) = Cσco(z; 0) = 0, Bσ(z; 0) = iz, and closed form
solutions (Zhu and Lian, 2012, eq. A6)

Aσ(z; τ) = −2αβ

Λ2
log

(
1− izΛ2

2α

(
1− e−ατ

))
Bσ(z; τ) =

ize−ατ

1− iz Λ2

2α
(1− e−ατ )

Cσco(z; τ) = λΘ(z; τ, µco,σ)

Θ(z; τ, µ) = − 2µ

Λ2 − 2αµ
log

(
1− iz

1− izµ
Λ2 − 2αµ

2α

(
1− e−ατ

))
(2.59)

Consistent introduction of VIX options

On the wave of the increasing demand for volatility trading in the years of the
financial crisis, the academic interest has moved consistently toward the rather
new market of options written on the volatility process of stock indexes, mostly
focusing on the widespread CBOE options on VIX. However, the transition was
not easy at all and even today there is ongoing debate about which specification
is better at capturing the structural novelties presented by the volatility surface
implied by VIX options: an upward sloping smile, more pronounced for shorter
maturities and flattening at the longer, with considerable time-variation on daily
scales.
A clear-cut observation, which evidenced the deep distinction between SPX vanilla
options and those written on its VIX volatility index, was made by Gatheral (2008).
He pointed out that VIX options truly constitute a discriminant for stochastic
volatility models: even though Heston (1993) model performs fairly well to price
S&P500 option, it totally fails to price VIX options, usually producing a negatively
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Figure 8: Market and SV model Heston (1993) implied volatilities for VIX options (four matu-
rities) on October 20th, 2010 (date t) plotted with respect to log-moneyness log(K/FV IX(t, T )).
Maturities T are in year fractions. The market (resp. model) implied volatilities are represented
by the blue crosses (resp. the solid green line). These fits are obtained by minimizing relative
errors between market implied volatilities and the Heston model implied volatility. Source: In-
ferring volatility dynamics and risk premia from the S&P 500 and VIX markets (Bardgett et al., 2013,
version of July 21st, 2013).

skewed surface. (an example is presented in figure 8).
From the technical perspective, the transition from the linear payoffs of VIX

futures, toward the piecewise linear one of options on VIX, together with the
widespread lack of known transition pdf of volatility pQσ featured by the newly
introduced models,13 has strongly pushed the mathematical development and
numerical implementation of sophisticated techniques, commonly based on the
Fourier inversion (Carr and Madan, 1999; Lewis, 2000, 2001) or series develop-
ment (Bardgett et al., 2013; Fang and Oosterlee, 2008) of the conditional charac-

13The dynamics of which is far richer than that of a SV model Heston (1993).
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Figure 9: A Comparison of the VIX steady-state density distributions obtained with SV, SVJ,
SVVJ and SVCJ models and empirical VIX frequency. The SV model is the Heston (1993) model
considered by Zhang and Zhu (2006) and defined in (2.44). The SVCJ model (here denoted
with the alternative label SVJJ) is the one-factor correlated co-jump model introduced in Duffie
et al. (2000), considered in (Lin, 2007, setting λ1 ≡ 0), Zhu and Lian (2012) and Lian and Zhu
(2013) and defined in (2.47). The SVJ model features jumps in price only, is considered in the
equity pricing literature in (Bakshi et al., 1997; Bates, 1996, among many), is defined in equation
(2.67) and is nested in the SVCJ model taking cσ ≡ 0. The SVVJ model features jumps in
variance only, is introduced in Duffie et al. (2000) as nested in the SVCJ model taking cx ≡ 0
and is nested in the model of Sepp (2008b), defined in equation (2.71), setting to the constant
1 the local volatility term ψt. The model implied steady-state distribution is taken from the
transition density pQ

V IX′ (y|x)/100 in (2.63) (or equivalently (Zhu and Lian, 2012, eq. 8)) in the
limit τ = T − t → ∞. Data sample: VIX close levels between March 2004 and July 2008.
Sampling frequency: daily. Model parameters: taken from (Zhu and Lian, 2012, Table 2). Source:
An analytical formula for VIX futures and its applications Zhu and Lian (2012).

teristic function of volatility fσ , which, for the wide class of affine models has a
closed form expression (Chen and Joslin, 2012; Duffie et al., 2000).
Elaborating on the observation of Gatheral (2008) and on the empirical properties
of the VIX options’ surface it can be concluded that the pQσ volatility distribution
implied by VIX options has more mass at high volatility and less mass at lower
volatility levels than the non-central χ2 pdf of a SV Heston (1993) model (an ex-
ample is given in figure 9).
Right skewness can be primarily induced by jumps in the volatility factor σ2

t ,
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as essentially proposed with the SVVJ model14 by Sepp (2008a,b) and as fea-
tured (together with correlated co-jumps in returns) by the SVCJ model in Duffie
et al. (2000), considered in the VIX option pricing context by (Lian and Zhu, 2013,
among many).
Alternatively, one can model the S&P500 index dynamics with stochastic volatil-
ity σ2

t and a stochastic volatility of volatility ω2
t positively correlated to the SPX

volatility dynamics. This model is likely to produce a positive sloping skew in VIX
options as it implies that low values of the S&P500 index (market downturns) are
followed by high values of its volatility and, in turn, of its volatility of volatility.
This possibility has been considered by Branger et al. (2014), with the 2-SVSVJ
model,15 which features stochastic volatility of variance, together with Gamma
distributed jumps in variance.
Multi-factor specifications, as the 2-SV model proposed by Christoffersen et al.
(2009), were already found relevant in the context of equity pricing: e.g. pro-
viding stochastic leverage correlation between the return and variance processes,
better capturing the volatility term structure and enhancing the model ability to
fit maturity-dependent smiles (Andersen et al., 2002; Kaeck and Alexander, 2012;
Mencı́a and Sentana, 2013, among many). Additional factors have been added in
various ways:

• as an additional independent volatility factor σ2
2,t in the 2-SVCJ model of

Chen and Poon (2013) and Lo et al. (2013);

• as a stochastic volatility of variance factor ω2
t in the 2-SVSVJ of Branger et al.

(2014);

• as a stochastically mean-reverting level βt in the 2-SMRSVCJ16 of Bardgett
et al. (2013).

These affine specifications, together with some non-affine models proposed, will
be reviewed in what follows. We will first focus on models focused (and cali-
brated) in reproducing the empirical properties of VIX options, then we will con-
sider the few truly consistent models that tackle the problem of jointly calibrating
the S&P500 and VIX options surfaces. We anticipate that, with the exclusion of
Kokholm et al. (2015),17 we are the first to include also VIX futures in the joint
calibration of the 2-SVCVJ++ model, to be introduced in the next chapter.

14SVVJ is for Stochastic Volatility with Jumps in its stochastic Volatility.
152-SVSVJ is for Stochastic Variance of Stochastic Volatility with Jumps in volatility.
162-SMRSVCJ is for 2-factors Stochastic Mean-Reversion of Stochastic Volatility with Correlated

Jumps in price and volatility.
17Whose most specified model is a one factor SVCJ model which yields not satisfactory results, thus

claiming for more flexibility.
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Consistent models of VIX options

Lian and Zhu (2013): a general (simple) pricing formulas for SVCJ (SV) model

Lian and Zhu (2013), considered a SVCJ model given in equation (2.47), as in Zhu
and Lian (2012) and Lin (2007)18

dxt =

(
r − q − λµ̄− 1

2
σ2
t

)
dt+ σtdW

S
t + cxdNt

dσ2
t = α(β − σ2

t )dt+ ΛσtdW
σ
t + cσdNt

(2.60)

and derive a closed-form expression (derived in Appendix of Lian and Zhu (2013))
for futures FSVCJ

V IX (t, T ) and call options CSVCJ
V IX (K, t, T ) on VIX (V IXt = x,K ′ =

K/100, τ̄ = 30/365, τ = T − t)

F SVCJ
V IX

100
=

τ̄

2a
√
π

∫ ∞
0

Re

[
eizb/afσ

(
−iz; τ̄x

2 − b
a

, t, T

)
1

(izτ̄/a)3/2

]
dRe(z)

CSVCJ
V IX

100
=
τ̄ e−rτ

2a
√
π

∫ ∞
0

Re

[
eizb/afσ

(
−iz; τ̄x

2 − b
a

, t, T

)
1− erf(K′

√
izτ̄/a)

(izτ̄/a)3/2

]
dRe(z)

(2.61)
where z = Re(z) + i Im(z) ∈ C. The integrals are performed along a straight line

parallel to the Re(z) axis, selecting 0 < Im(z) < ζc(τ), where the critical value is

ζc(τ) = min

(
1

µco,σ
,

1
Λ2

2α (1− e−ατ ) + µco,σe−ατ

)
(2.62)

as given in (Lian and Zhu, 2013, eq. A7). Moreover, (a, b) are as in (2.52), fσ
is the conditional characteristic function on σ2

t , defined in (2.57), and erf(z) =
2√
π

∫ z
0
e−s

2

ds is the complex error function. The formula leverages on the fact

that - for one factor models - the transition pdf pQV IX′ of the scaled index V IX ′ =
V IX/100 is in one-to-one correspondence with pQσ and thus with fσ , by Fourier-
inversion. From VIX expression (3.15), if n = 1,

pQV IX′(y | x) =
2τ̄ y

a
pQσ

(
τ̄ y2 − b

a

∣∣∣∣ τ̄x2 − b
a

)
=
τ̄ y

aπ

∫
R
e
−iz

(
τ̄y2−b
a

)
fσ

(
z;
τ̄x2 − b

a
, t, T

)
dz

=
2τ̄ y

aπ

∫ ∞
0

Re

[
e
−iz

(
τ̄y2−b
a

)
fσ

(
z;
τ̄x2 − b

a
, t, T

)]
dRe(z)

(2.63)

18If λ1 ≡ 0.
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as detailed in eq. 7 and Appendix of Lian and Zhu (2013)). This one-to-one re-
lation is lost in multi-factor models (consider again equation (3.15) if n ≥ 2), and
thus the formula proposed by Lian and Zhu cannot be extended directly to multi-
factor affine models Lian and Zhu (2013).

If the SVCJ model is restricted to the Heston SV dynamics in (2.44), leveraging
on (2.63) and on the fact that, under CIR diffusion Cox et al. (1985),

2cσ2
T

|Ft∼ χ2 (2q + 2, 2u) (2.64)

with c, q and u given in (2.20) (with V IX· replaced by σ2
· ) and transition density

pQσ (σ2
T |σ2

t ) given by

pQσ (y | x) = ce−u−v
( v
u

)q/2
Iq(2
√
uv)× I {y ≥ 0} (2.65)

as in (2.21), they show that the price of futures and options on VIX can be com-
puted by direct integration of their payoff19

FSV(t, T ) = 100×
∫ ∞
√
b(τ̄)/τ̄

y pQV IX′(y | x)dy

CSV(K, t, T ) = 100× e−rτ
∫ ∞
max(K′,

√
b(τ̄)/τ̄)

(y −K ′)+
pQV IX′(y | x)dy

(2.66)

where ·′ = ·/100 and (x)+ = max(x, 0) and the integration domain has been
restricted, considering the effective support of the integrands.

Kokholm et al. (2015): a simple pricing formula for the SVJ model

In a recent publication, Kokholm et al. (2015) extend the last kind of pricing for-
mulas to the SVJ model20 (Bakshi et al., 1997; Bates, 1996)

dxt =

(
r − q − λµ̄− 1

2
σ2
t

)
dt+ σtdW

S
t + cxdNt

dσ2
t = α(β − σ2

t )dt+ ΛσtdW
σ
t

(2.67)

where corr
(
dWS

t , dW
σ
t

)
= ρdt. The SVJ model features idiosyncratic jumps in

price only, driven by the compound Poisson process Nt, with constant intensity λ.
Jump sizes are normally distributed cx ∼ N (µx, δ

2
x). The characteristic function of

the jump size is given by

θx(zx) = EQ[eicxzx] = eiµxzx−
1
2 δ

2
xz

2
x (2.68)

19The formula for VIX futures is analogous to (2.53), as given in Zhang and Zhu (2006).
20SVJ is for Stochastic Volatility with Jumps in price.
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and the compensator process is λµ̄t, with µ̄SVJ = EQ [ecx − 1] = θx(−i) − 1. The
SVJ model is nested in the SVCJ model in (2.47), imposing cσ ≡ 0. The proposed
pricing formula leverage on the observation of Baldeaux and Badran (2014) that
the introduction of jumps in returns imply a simple translation of the distribution
of V IXt, in particular:

pQ,SVJ
V IX′ (y | x; bSVJ(τ̄)) = pQ,SV

σ

(
y | x; bSV(τ̄) + 2λ (θx(−i)− 1− µx)

)
in (2.65)

(2.69)
where we have explicitly written model dependencies and bSV(τ̄) has been de-
fined in (2.49). To conclude, also if the St dynamics features jumps, we have for
the SVJ model:

FSVJ(t, T ) = FSV(t, T )

CSVJ(K, t, T ) = CSV(K, t, T )

∣∣∣∣∣ b(τ̄) =⇒ b(τ̄) + 2λ (θx(−i)− 1− µx) (2.70)

with FSV, CSV given in (2.66). These expressions are evidently simpler to imple-
ment and faster to execute than the corresponding general formulas in (2.61) im-
plemented with cσ ≡ 0, that is reducing the SVCJ model to the SVJ.

They perform a calibration on few days quotes of SPX and VIX options and
VIX futures term structures. Their results are unsatisfactory, especially consider-
ing the ability of the SVCJ model of capturing the different shapes of the term
structure (Kokholm et al., 2015, figure 8). We conclude that they are probably
facing the need of an additional volatility factor.

Sepp (2008b): the SVVJ model with jumps in variance only and deterministic ATM
volatility term structure

Sepp (2008b) proposes a one factor SVVJ model in which the stochastic volatility
features positive upward jumps with the aim of better capture the right skewness
of the VIX distribution.21

dxt =

[
r − q − λµ̄− 1

2

(
ψtσ

2
t

)]
dt+

√
ψtσ2

t dW
S
t

dσ2
t = α(β − σ2

t )dt+ ΛσtdW
σ
t + cσdNt

(2.71)

The risk-neutral correlation is constant corr(dWS
t , dW

σ
t ) = ρdt and jumps in vari-

ance are driven by the compound Poisson process with constant intensity λ and
the sizes distributed according to an exponential distribution cσ ∼ Exp(µσ), whose

21To compare with the original notation in (Sepp, 2008b, eq. 2) ψt corresponds to σ2(t) and the
volatility dynamics dV (t) corresponds to dσ2

t if β = 1 and σ2
0 = 1. Other variables are simply

renamed.
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characteristic function is given by

θσ(zσ) =
1

1− iµσzσ
(2.72)

Since VIX derivatives are not driven directly by returns dynamics, but mostly by
their volatility dynamics,22 the dynamics of the asset price process is left purely
continuous. In this model, the istantaneous variance is a time-dependent affine
function of the volatility level

Vc(σ
2
t ) = ψtσ

2
t (2.73)

Given the continuous dynamics of xt = logSt, the VIX volatility index coincides
with the annualized expected diffusive quadratic variation (alternatively named
expected realized variance) (Sepp, 2008b, eq. 3,4 and 8,9)(

V IXt

100

)2

=
1

τ̄
EQ
[∫ t+τ̄

t

Vc(σ
2
s)ds

∣∣∣∣Ft]
=

1

τ̄

∫ t+τ̄

t

ψs

[
1 +

λµσ
α

(
1− e−α(s−t)

)]
ds× σ2

t

= a(t, t+ τ̄ ;ψ[t,t+τ̄ ]) + b(t, t+ τ̄ ;ψ[t,t+τ̄ ])σ
2
t

(2.74)

where (a(t), b(t)) are (m1(t),m2(t)) given in (Sepp, 2008b, eq. 8). Futures on VIX
can be therefore expressed as a t-expectation of the (square root of) forward real-
ized variance23 (Sepp, 2008b, eq. 10)

FSVVJ
V IX (t, T )

100
= EQ

√(V IXT

100

)2
∣∣∣∣∣∣Ft


= EQ [a(T, T + τ̄ ;ψ[T,T+τ̄ ]) + b(T, T + τ̄ ;ψ[T,T+τ̄ ])σ
2
T

∣∣Ft]
(2.75)

Function ψt is a piece-wise constant deterministic function that Sepp interprets
coherently as an at-the-money volatility. Indeed, from the last equation, ψt can
be calibrated to any observed VIX futures term structure F ∗V IX(t, T ). We antici-
pate here that the SVVJ model is a model that evidently belongs to our general

22We will come back to this point in Section 3.2.2 (in particular in Proposition 11) when we will
present our pricing formulas (which hold for a general affine displaced volatility framework) in which
it will be clear that the price of VIX derivatives is essentially driven by the volatility distribution,
through the characteristic function of the volatility state vector.

23Which is denoted with Ī(t, T ) = EQ
[∫ T
t σ2(t′)V (t′)dt′

∣∣∣Ft] in the original notation of the paper
(Sepp, 2008b, eq. 3).
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framework of Section (3.2) for affine models featuring a continuous spot variance
Vc(Xt) which is an affine function

Vc(Xt) = Ψ>t Xt + Φt (2.76)

of the possibly multi-factor volatility state vector Xt ∈ Rn. Here Xt = σ2
t and Vc

is as in (2.73). In this perspective, the expression for the VIX / realized variance of
equation (2.74) is a particular case of Proposition (8), equation (3.63) and Proposi-
tion (10). Moreover, Sepp (2008b) presents a pricing formula for a general class of
derivatives written on volatility (Sepp, 2008b, eq. 5,6). We skip it from the present
discussion as it is mathematically strictly related24 to the general pricing formula
for VIX derivatives that will be presented in Proposition 6 for our 2-SVCJ++ mo-
del and, more in general, in Proposition 11 for our displaced affine framework for
volatility.

Lo et al. (2013) and Chen and Poon (2013): Is it better to add jumps to σ2
t or a second σ2

2,t

factor?

The contribution of the working paper Lo et al. (2013) is twofold: it proposes
efficient numerical approximations to compute the price of VIX derivatives un-
der the 2-SVCJ model and then, relying separately on VIX futures and options
data, examines the relative contribution of jumps in volatility and of an additional
volatility factor. The 2-SVCJ model combines the SVCJ model of Duffie et al.
(2000) with the 2-SV model of Christoffersen et al. (2009)

dxt =

[
r − q − λµ̄− 1

2

(
σ2

1,t + σ2
2,t

)]
dt+ σ1,tdW

S
1,t + σ2,tdW

S
2,t + cxdNt

dσ2
1,t = α1(β1 − σ2

1,t)dt+ Λ1σ1,tdW
σ
1,t + cσdNt

dσ2
2,t = α2(β2 − σ2

2,t)dt+ Λ2σ2,tdW
σ
2,t

(2.77)

where the jump structure is the same of the SVCJ model in (2.47) and the two
volatility factors are mutually independent and correlated with the returns pro-
cess as follows

corr(dWS
i,t, dW

σ
i,t) = ρidt for i = 1, 2

corr(dWS
i,t, dW

σ
j,t) = 0 if i 6= j

(2.78)

In this model, the squared VIX of (3.15) is given by(
V IX2-SVCJ

t

100

)2

=
1

τ̄

(
2∑
i=1

aiσ
2
i,t + bi

)
(2.79)

24Thought slightly more general, since formulas (Sepp, 2008b, eq. 5,6) are not restricted to deriva-
tives written directly on volatility, but e.g. on the realized variance too.
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with

ai(τ̄) =
1− e−τ̄αi

αi
for i = 1, 2

b1(τ̄) =
α1β1 + λµco,σ

α1

(
τ̄ − a1(τ̄)

)
+ 2λ

[
µ̄− (µco,x + ρJµco,σ)

]
b2(τ̄) = β2

(
τ̄ − a1(τ̄)

) (2.80)

Their approximation is based on the following identity (·′ = ·/100)

C2-SVCJ
V IX (K, t, T )

100
= e−rτEQ [ (V IX ′T −K)+

∣∣Ft]
= e−rτEQ

[(√
B + VT −K ′

)+
∣∣∣∣Ft]

= e−rτ
[
G̃(K ′)−K ′G0,−1

(
B −K ′2

)]
(2.81)

where
B = (b1(τ̄) + b2(τ̄)) /τ̄

Vt =
(
a1(τ̄)σ2

1,t + b2(τ̄)σ2
2,t

)
/τ̄

(2.82)

and
G̃(K) = EQ

[√
B + VT I

{
VT ≥ K2 −B

}∣∣∣Ft]
Ga,b(y) = EQ [eaVT I {bVT ≤ y}∣∣Ft] (2.83)

The expression in (2.81) is exact and similar to the standard representation of Eu-
ropean options payoff, due to Duffie, Pan and Singleton (Duffie et al., 2000, eq.
1.6), except for the non linear function G̃(·) of the Vt process (which is a linear
combination of the variance factors σ2

i,t). Their idea is to reconnect G̃(K) to a
Ga,b(y) function approximating the non-linear payoff with an exponential curve
fitted in the (k,N) interval [V

(k)
0 , V

(k)
N ] covering k standard deviation around the

mean EQ [VT | Ft]. The approximation is based on a series expansion in terms
of the form Gcn,−1(−V (k)

n ) with n = 0, ..., N and is given in eq. 15 of Lo et al.
(2013). The VIX call option is given in their Proposition 1 and it is exact in the
limit (k,N) → ∞. Futures are priced setting K = r = 0 in the corresponding call
option formula. We refer to the paper for details and the lengthy expressions.

Moreover, together with nested specifications, they consider the SVCJ mo-
del as a representative of discontinuous volatility dynamics, and the 2-SV mo-
del as representative of multi-factor specification. Their dataset is made of daily
VIX futures settle prices and VIX options end-of-the-day quotes from January
2007 to December 2010. Under their approximated pricing setting, they perform
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separately the calibration on the data of the two markets. Their results pointed
out that one-factor specifications significantly under-perform (compared to two-
factors model), in reproducing humped VIX futures term structures (an is example
given in figure 3). The intuition they provide for this is that (approximately) the
term structure FV IX(t, t+τ) produced by one-factor models can only be monoton-
ically increasing (decreasing) in the horizon τ = T − t when σ2

t is smaller (greater)
than the long-run effective mean (Lo et al., 2013, Lemma in App. B)

βeff = β + λ
µco,σ
α

(2.84)

Moreover, one-factor models like the SVCJ model can only generate monotonic
daily changes between term structures FV IX(t, ·) and FV IX(t+1, ·) (Lo et al., 2013,
Prop. 2 in App. B). Coming to the pricing of VIX options, using the nested SVJ
model in (2.67) as benchmark, they find that adding jumps in σ2

t provide only a
minor improvement in terms of pricing error, whereas the introduction of an ad-
ditional factor produces remarkably lower RMSEs. From the experience of this
thesis, we think that the conclusions in this paper showing an almost negligible
impact of jumps in variance are likely to be biased from the separate use of the
two VIX derivatives datasets and since the authors do not consider at all options
on S&P500, thought the strong need for a multi-factor structure in volatility is
perfectly in line with literature (Andersen et al., 2002; Kaeck and Alexander, 2012;
Mencı́a and Sentana, 2013, among many).

The 2-SVCJ model (along with nested specifications) have been considered also
by Chen and Poon (2013). They concentrate on the term structure of the correla-
tion between VIX futures F (t, T ) of different maturities, which is stantaneously

ρ1,2
t =

EQ [dF (t, T1)dF (t, T2)| Ft]√
EQ [dF (t, T1)dF (t, T1)| Ft]EQ [dF (t, T2)dF (t, T2)| Ft]

(2.85)

where, under the 2-SVCJ, F (t, T ) solve the SDE in (Chen and Poon, 2013, Sec.
4.2.2). This has a direct implication on the effectiveness of hedging strategies, as it
is possible to hedge a futures contract on VIX with other futures contracts of dif-
ferent maturities, and futures contracts on VIX are the somehow natural hedging
tool for options on VIX, being their underlying. Their study analytically shows
that one-factor models always imply a perfect correlation ρ1,2

t ≈ 1 between VIX
futures of different maturities (at odds with the market), whereas the addition
of another volatility factor is able to enrich considerably the possible shapes of
correlation term structure produced by the model.
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Branger et al. (2014): the stochastic volatility of variance 2-SVSVJ model

In their analysis, Branger et al. (2014) propose an affine framework to price volatil-
ity derivatives and specialize it considering a model with stochastic volatility of
variance and gamma distributed jumps in variance. We will come back on their
general framework in Section 3.2, when we will introduce our displaced affine
framework. The volatility dynamics of the 2-SVSVJ model is

dσ2
t = α(β − σ2

t )dt+ ΛωtdW
σ
1,t + cσdNt

dω2
t = αω(βω − ω2

t )dt+ ΛωωtdW
ω
t

(2.86)

where the risk neutral correlation between variance σ2
t and its stochastic volatility

ω2
t is described by

corr(dWσ
t , dW

ω
t ) = ρσωdt (2.87)

and jumps in variance are driven by the compound Poisson process with inten-
sity affine λ = λ0,σ + λ1,σσ

2
t and the sizes are distributed according to Gamma

distribution of shape ν and mean µσ

cσ ∼ Γ
(
ν,
µσ
ν

)
(2.88)

whose characteristic function is given by

θσ(zσ) =
1(

1− iµσν zσ
)ν (2.89)

In their empirical analysis, the authors state that the returns logSt dynamics lacks
of jumps, but leave it otherwise deliberately unspecified.25 They test the 2-SVSVJ
model on the average VIX option implied volatility surface of the period from
February 2006 to December 2011.

Their results show that both variance jumps and a stochastic volatility of vari-
ance are important to reconcile empirical regularities with the theoretical models.
Positive shocks to the instantaneous variance increase both its mean and volatility,
contributing both to increase the overall level of the surface, and to make the skew
upward sloping. In terms of VIX distribution, jumps in variance introduce right
skewness. This is particularly pronounced26 since the Gamma distribution with
shape parameter ν < 1 has higher variance, skewness and kurtosis compared to
the nested exponential distribution (which is a Gamma with ν ≡ 1).

25The correlation structure between the Wieners WS
t and Wσ

t is not required in an analysis based
on VIX derivatives only. We will come back on the role of the correlation structure of the model in
Appendix A.7.

26As compared for example to a SVCJ model, which features exponentially distributed jumps in σ2
t .
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Moreover, the presence of stochastic volatility of variance factor ω2
t increases

the persistency of the effect of the shocks due to jumps, which has an impact on
the long-term options and overally contributing to increasing the kurtosis of the
VIX distribution (more weight on both tails of the pdf, compared to a model with
ω2
t = σ2

t ). Finally, the strong positive correlation ρσω between variance σ2
t and its

stochastic volatility ω2
t (they find ρσω = 0.88) makes OTM options on VIX rather

expensive,27 in turn contributing to the upward sloping smile.

Bardgett et al. (2013): the stochastic mean-reverting level of volatility 2-SMRSVCJ model

Bardgett et al. (2013) leverage on the widespread literature results that have shown
the inadequate limitations to the volatility dynamics induced by one-factor mod-
els and that adding an additional factor to the Heston (1993) model, thought in-
creasing the complexity of the model, is a need to provide an accurate description
of the volatility dynamics (Andersen et al., 2002; Bates, 2012; Egloff et al., 2010;
Kaeck and Alexander, 2012; Mencı́a and Sentana, 2013, among many). They over-
come the limitations of one-factor models in their two-factor model 2-SMRSVCJ
(Bardgett et al., 2013, Sec. 2.1)

dxt =

(
r − q − λµ̄− 1

2
σ2
t

)
dt+ σtdW

S
t + cxdNt

dσ2
t = α(βt − σ2

t )dt+ ΛσtdW
σ
t + cσdNt

dβt = ᾱ(β̄ − βt)dt+ Λ̄
√
βtdW

β
t + cβdN

′
t

(2.90)

The only nonzero correlation is corr(dWS
t , dW

σ
t ) = ρdt and jumps are driven by

the two independent compound Poisson processes Nt and N ′t with affine inten-
sities λ = λ0 + λ1σ

2
t + λ2βt and λ′ = λ′0 + λ′1βt, respectvely. The sizes are inde-

pendent and distributed according to cx ∼ N (µco,x, δ
2
co,x), cσ ∼ Exp(µco,σ) and

cβ ∼ Exp(µβ). The characteristic function of gaussian price jumps, θx(zco,x), was
already given for the SVJ model in (2.68) (the compensator term is µ̄ = θx(−i)−1),
whereas exponential jumps in volatility are described by the same jump charac-
teristic function of the SVVJ model of Sepp (2008b), given in (2.72).

They leverage on the Fourier Cosine Expansion, introduced by Fang and Oost-
erlee (2008), to develop in Fourier series the VIX call option payoff, in such a way

27In particular more expensive compared to their benchmark Black (1976) prices, as computed with
a Whaley (1993) model (2.16) with comparable volatility of V IXt. This is somehow the specular of the
phenomenon observed in equity options in which a negative correlation ρ between returns logSt and
stochastic volatility σ2

t in a Heston (1993) model makes the prices of ITM equity options higher than
the benchmark Black and Scholes (1973) prices with comparable returns volatility.
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that under their model (Bardgett et al., 2013, eq. 15)

C2-SMRSVCJ
V IX (K, t, T ) = 100× e−rτ

(
1

2
A0U0 +

N∑
n=1

AnUn

)
(2.91)

Coefficients An depend marginally on the jump structure of returns, through the
affine expression of the squared VIX index (Bardgett et al., 2013, eq. 9,10), and
strongly on the conditional CF of the volatility state vector (σ2

t , βt)
>

fσ,β(zσ, zβ ;σ2
t , βt, t, T ) = EQ

[
eizσσ

2
T+izββT

∣∣∣Ft] (2.92)

where zσ, zβ ∈ C. fσ,β is computable in closed-form and takes the usual exponential-
affine form (Bardgett et al., 2013, Prop. 2.2 and App. A and C). Coefficients Un
are Cosine transforms of the rescaled payoff (x = V IX ′ = V IX/100, k = K ′ =
K/100)

wC(x2)

100
=
(√

x2 − k
)+

(2.93)

which have the functional form

Un =

∫ b

a

(
√
x− k)+cos(ωn(x− a))dx

=
2

b− a
Re

{
e−iωna

[√
be−iωnb

iωn
+
√
π
erf(
√
−iωnb)− erf(k

√
−iωn)

2(−iωn)3/2

]}
(2.94)

if n ≥ 1 and similarly for U0. The parameters ωn = nπ/b − a are angular fre-
quencies and the expansion interval [a, b] is a support interval for the distribution
pQV IX′ of V IX ′T that have to be selected. The pricing formula is exact in the lim-
its of N, a, b → ∞. For details and derivation refer to their Proposition 2.3 and
Appendix B.

For their empirical analysis they consider a continuous βt factor (cβ ≡ 0). The
dataset for daily calibrations consists of closing prices of European SPX and VIX
options from March 2006 to October 2010. They jointly calibrate the 2-SMRSVCJ,
together with several nested specifications, to the cross Section of prices in some
chosen dates.28 From their analysis it can be concluded that jumps in the return
logSt and variance σ2

t processes are needed to better reproduce the right tail of
the variance distribution and short-maturity options. Moreover, the introduction

28Their analysis goes far beyond a simple calibration exercise. They make jointly use also of times
series data of the S&P500 and VIX indexes and estimate real P and risk-neutral Q parameters, along
with equity and variance risk-premia, adopting a particle-filtering methodology (Pitt and Shephard,
1999). Ours is a deliberately partial review of their contribution.
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of a stochastic level of reversion βt for the variance helps to better represent the
tails of the returns distribution and the term structure of S&P 500 and VIX option
prices.

Consistent non-affine models

We will now give an account of the main non-affine models aiming at reproducing
the peculiar properties of the VIX options surface and/or at jointly calibrating the
two SPX and VIX markets. We usually refer to the original papers for the details
concerning the pricing formulas as are usually involved and often require rather
sophisticated Monte-Carlo techniques.to get implemented.

Gatheral (2008) and Bayer et al. (2013): the double mean-erverting CEV model DMR

Gatheral (2008) proposes a double mean-reverting model, in which each volatility
factor follows a CEV dynamics

dSt
St

= σtdW
S
t

dσ2
t = α(βt − σ2

t )dt+ Λ(σ2
t )γ1dWσ

t

dβt = ᾱ(β̄ − βt)dt+ Λ̄(βt)
γ2dW β

t

(2.95)

where the Wieners are allowed to be correlated. The DMR model features a short
term variance level σ2

t that reverts to a moving level βt at rate α. βt reverts to the
long term level β̄ at the slower rate ᾱ < α. This model reduces to the 2-SV model
of Christoffersen et al. (2009) if γ1 = γ2 = 0.5 and to a double log-normal model
if γ1 = γ2 = 1. Testing calibrations performed on daily SPX and VIX surfaces
suggest that γ1 ≈ 1, which is consistent with the stylized fact that volatility should
be roughly log-normally distributed and that the implied VIX distribution of the
2-SV model presents too few right skew and a too fat left tail around 0.

Closed-form pricing expressions are not available and the calibration
of the DMR model is rather involved: parameters (α, ᾱ, β̄) are calibrated
interpolating/extrapolating/integrating the t-time series of option strips that
replicate the fair value SWt,T of variance swaps (check the variance swap rate
replication in (3.58)), which, under the diffusive dynamics St, can be expressed as
the realized variance

SWt,T =
1

T − t
[logS]ct,T =

1

T − t
EQ

[∫ T

t

σ2
sds

∣∣∣∣∣Ft
]

(2.96)

which can be easily computed as under the DMR model (Bayer et al., 2013, eq.
2.3). This allows also to estimate the volatility state variables σ2

t , βt with a lin-
ear regression of SWt,T . While the elasticity parameters (γ1, γ2) can be estimated
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through a SABR calibration, the other parameters (vol-of-vol λ, λ̄ and correlations
between Wieners) are Monte-Carlo estimated.

Cont and Kokholm (2013): a consistent framework for index options and volatility
derivatives

We give an extremely partial and untechnical review of their work Cont and
Kokholm (2013). The fundamental object of their framework is the Forward Vari-
ance Swap rate V it , seen at time t for the forward interval [Ti, Ti+1]. In continu-
ous time it is the time-t expected value of the forward total quadratic variation
[logS]Ti,Ti+1 of the returns process St in the [Ti, Ti+1] interval29

V it =
1

Ti+1 − Ti
EQ [ [logS]Ti,Ti+1

∣∣Ft] (2.97)

Imposing a Lévy specification for the dynamics of V it = V i0 e
Xit , this in turn im-

poses restrictions on the compatible dynamics of the return process logSt. Having
directly modeled a quantity related to volatility, this enables closed form solutions
for futures and options on VIX, as long as the conditional characteristic function
of the exponent Xi

t is available (it is given for various jump specifications in their
Appendix). Options on the underlying St index instead, need Monte-Carlo simu-
lations of the path of V it to be priced (Cont and Kokholm, 2013, eq. 3.17).

Papanicolaou and Sircar (2014): sharp regime-shifts make Heston smiling

Papanicolaou and Sircar (2014) extend the familiar Heston (1993) model adding
sharp-regime shifts to the realized volatility which has also impact on jumps in
price, featuring a regime-dependent jump structure.

dxt =

(
r − 1

2
f2(θt)σ

2
t − δν(θt−)

)
dt+ f(θt)σtdW

S
t − λ(θt)cxdNt

dσ2
t = α(β − σ2

t )dt+ ΛσtdW
σ
t

(2.98)

The discrete variable θt ∈ {1, 2, 3} represents the state (low, medium and high) of
volatility and is driven by a Markov-Chain Qmn with δ-slow time scale

d

dt
pQθ (θt = n) =

3∑
m=1

Qmnp
Q
θ (θt = m) n = 1, 2, 3 (2.99)

29See also equation (3.34), in which we defined the spot variance swap rate SWt,T (which is obtained
from V it if Ti = t, Ti+1 = T ), and discussion in Section 3.2.1.
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These changes of state enters in the returns’ dynamics via the purely discontinu-
ous process dNt = I {θt 6= θt−} and modulate the realized variance through func-
tion f(θt). Jump sizes are driven, both in amplitude and in direction, by function
λ(θt), which modulates positive exponential jumps cx ∼ ∞. Function δν(θt−)
compensate jumps.

The tractability of their model arise from the fact that options prices P can be
approximated around the original Heston price P0 by a power series of the small
δ time scale (Papanicolaou and Sircar, 2014, eq. 9)

P ≈ P0 + δP1 + δ2P2 (2.100)

Stock options are easily in power series of the price Fourier transform P̂ (Papani-
colaou and Sircar, 2014, eq. 12 and 13)

P̂ ≈ P̂0 + δP̂1 + δ2P̂2 (2.101)

To price options on VIX, it is possible to write down explicitly the transition den-
sity of the effective volatility process which is, as a density, the product of two
independent densities: the pdf pQσ of the diffusion σ2

t and the Markov Chain tran-
sition density pQθ of the state process θt (Papanicolaou and Sircar, 2014, Sec. 4.2)

pQσ
(
σ2
T = y

∣∣σ2
T = y

)
× pQθ (θT = m| θT = n) (2.102)

This pdf, integrated against the payoff of the option w.r.t. y and summed over the
final possible states m = 1, 2, 3, gives the conditional expected value of the payoff,
that is the price.

A joint SPX and VIX option calibration performed on few selected dates,
shows that regime shifts helps capturing the positive sloping skew of options on
VIX, consistently with the SPX negative one.

To conclude, other model which is ought to mention are:

• the affine Lévy model of Kallsen et al. (2011) which allows to joint price
derivatives on the underlying and it volatility;

• the 3/2 consistent stochastic volatility model of Baldeaux and Badran (2014)
which is able to capture the upward sloping smile of VIX options and, aug-
mented with jumps in price, is able to consistently fit short-term vanilla op-
tions too;

• the standalone analysis of Goard and Mazur (2013) which test the 3/2 dif-
fusion as a direct specification for the VIX index dynamics, in which the
changes in vol-of-vol are more sensible to the actual level of the index.
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Chapter 3

The Heston++ model

The empirical evidences and the results of the literature, discussed and reviewed
in the previous Chapter, enable us to design and motivate our model, whose
first objective is the consistently pricing of both vanilla S&P500 options and VIX
derivatives. We make the following requirements to our candidate model:

• Reliability: it should be able to express an outstanding ability in matching
market prices and to guarantee it in several different market scenarios.

• Consistency: being reliable, it should be able to accommodate consistently
and in a financially convincing way the rather different features of the equity
and volatility markets.

• Tractability: being consistent with both markets, it should still preserve the
tractability usually featured by models designed for pricing equity only and
extend it to the class of volatility derivatives.

The consistency requirement induces us to exclude the standalone models pre-
sented in Section 2.2.1 as we primarily require an adequate description and con-
trol of the S&P500 dynamics. In this, models that directly specify the dynamics
of V IXt are not necessarily incompatible with the SPX vanilla surface (Mencı́a
and Sentana, 2013). Nevertheless, the requested replicability of the VIX index in
terms of vanilla options is not guaranteed modeling directly its dynamics (Branger
et al., 2014). We therefore decided to opt for a consistent model for the underlying
S&P500 index dynamics St. This in turn induces a dynamics for the V IXt index
which is by default consistent with the market definition of VIX.1

1Or at least with its continuous time limit, as discussed in Section 3.2.1.
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As discussed in Section 2.2.2, the academic (and practitioner) interest around
consistent models is primarily concerned with accommodating the rather new fea-
tures presented by derivatives written on VIX with models designed for the equity
market. The several different term structures experienced by futures, the high im-
plied volatility of options on VIX and the upward sloping smile of their implied
surface, severely challenged the consistency and reliability of often standard and
benchmark models such as the Heston model (Gatheral, 2008). One-factor models
pose too strict limitation to the volatility dynamics and an additional volatility fac-
tor is likely to provide a more accurate description (Andersen et al., 2002; Bates,
2012; Egloff et al., 2010; Kaeck and Alexander, 2012; Mencı́a and Sentana, 2013,
among many).

Multi-factor models have been found able to better capture the different shapes
and correlation of the VIX term structure (Chen and Poon, 2013; Lo et al., 2013) and
a second factor, added to a Heston dynamics, has been introduced as a stochastic
volatility of variance factor (Branger et al., 2014) or as a stochastic mean reverting
level (Bardgett et al., 2013). The enhanced specification of the volatility of volatil-
ity provided by the additional factor is likely to produce the upward sloping smile
of the VIX implied surface and/or to better capture its term structure.

Moreover, the distribution of VIX has been found empirically more skewed
than a χ2 like distribution induced by the CIR dynamics of the stochastic volatility
factor of a Heston model and a direct channel to increase the right skewness of
the model distribution of VIX can be represented by the addition of jumps in the
volatility dynamics (Sepp, 2008b).

Our model is in the line of the consistent approach. We specify a single dynam-
ics for the price process, and use this dynamics to price vanilla options together
with VIX futures and options and employ an affine multi-factor specification with
jumps.

We augment the time homogeneous dynamics of the model with a determin-
istic shift extension φt (also called a displacement) to the stochastic volatility σ2

t ,
as already introduced by (Pacati et al., 2014), so that the effective instantaneous
volatility Vt driving the model is given by

Vt = σ2
t + φt (3.1)

The class of models obtained with the extension is labelled Heston++, since it
parallels the structure of the CIR++ model of Brigo and Mercurio (2001), in which
a deterministic function φt is added to a time-homogeneous spot-rate model xt,
such that the instantaneous short rate described by the model is

rt = xt + φt (3.2)

and the extension is meant to fit the term structure of interest rates. Pacati et al.
(2014) show that the deterministic shift can dramatically improve the calibration
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of the term structure of at-the-money vanilla options, thus improving sensibly the
fit of the whole surface of vanilla.

In this paper, we extend their model (by adding jumps in volatility) and show
that the deterministic shift φt provides the necessary flexibility to describe the
term structure of VIX futures and the surface of VIX options, without compromis-
ing the fit on vanilla options, which makes our model eventually reliable. More-
over, this flexibility comes at no additional expense in terms of both analytical and
numerical complexity, compared to a non-displaced specification, which makes it
also tractable.

Further, the success of our proposed specification to jointly fit the vanilla and
VIX surfaces (two ”smiles” at once) also allows to exploit the additional infor-
mation content provided by variance derivatives to learn about the features of
the price dynamics. Overall, we provide strong support for the contemporane-
ous presence of two kinds of jumps in volatility, the first being correlated with
jumps in the index (typically, accounting for market downturns accompanied by
a spike in volatility, as also empirically supported by Todorov and Tauchen (2011)
and Bandi and Renò (2015)), and the second being independent from price move-
ments and accounting for spikes in volatility not accompanied by changes in the
index. Our empirical findings suggest then that traders in option markets hedge
against both sources of risk. In particular, idiosyncratic jumps in volatility appear
to be particularly relevant for the pricing of VIX options.

The Chapter is structured as follows. In Section 3.1 we specify the model
adopted in our empirical investigations together with the closed-form pricing ex-
pressions for SPX vanilla options and VIX index and derivatives. In Section 3.2
we introduce a general affine framework which allows for a general affine trans-
formation of the instantaneous volatility.

3.1 Pricing VIX derivatives with the Heston++ model

In this Section we introduce the Heston++ model for the dynamics of the underly-
ing price. It is an affine model with a deterministic shift extension in the spirit of
Brigo and Mercurio (2001). We then provide pricing formulas for equity and VIX
futures and options.

3.1.1 Model specification

We consider a filtered probability space (Ω,F , {Ft}t≥0 ,Q), satisfying usual as-
sumptions. Under the risk-neutral measure Q, we specify the evolution of the
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logarithmic price of the underlying xt = logSt as follows

dxt =

[
r − q − λµ̄− 1

2

(
σ2

1,t + φt + σ2
2,t

)]
dt+

√
σ2

1,t + φt dW
S
1,t + σ2,tdW

S
2,t + cxdNt

dσ2
1,t = α1(β1 − σ2

1,t)dt+ Λ1σ1,tdW
σ
1,t + cσdNt + c′σdN

′
t

dσ2
2,t = α2(β2 − σ2

2,t)dt+ Λ2σ2,tdW
σ
2,t

(3.3)
where r is the short rate, q is the continuously compounded dividend yield rate,

and in which the risk-neutral dynamics of the index is driven by continuous and
discontinuous shocks, modeled by the Wiener processes WS

1,2,W
σ
1,2 and the inde-

pendent Poisson processes N,N ′ respectively. The short rate and the dividend
rate are kept constant for simplicity, but could be easily be made time-varying, for
example as in Bakshi et al. (1997). The first volatility factor is displaced, as in Pacati
et al. (2014), by a sufficiently regular deterministic function φt which verifies:

φt ≥ 0 and φ0 = 0, (3.4)

and αi, βi,Λi are non-negative constants. In this (and following) Chapter we
generically label this model as Heston++. Alternatively, we refer to it also as
2-SVCVJ++ model, stressing its dynamical properties2 and eventually to distin-
guish from the several nested specifications that will be discussed in Section 3.1.2
and will be as well part of the empirical analysis presented in the next Chapter.
The corresponding dynamics of the index St is, by Itō’s lemma:

dSt
St−

= (r − q − λµ̄) dt+
√
σ2

1,t + φtdW
S
1,t + σ2,tdW

S
2,t + (ecx − 1) dNt (3.5)

All correlations among Wiener processes are zero, with the exception of the fol-
lowing ones, which are defined as

corr(dWS
1,t, dW

σ
1,t) = ρ1

√
σ2

1,t

σ2
1,t + φt

dt (3.6)

corr(dWS
2,t, dW

σ
2,t) = ρ2dt (3.7)

where ρ1, ρ2 ∈ [−1, 1] are constants. This choice guarantees that the model is affine
according to the specification analysis of Dai and Singleton (2002), extended by
(Cheridito et al., 2010; Collin-Dufresne et al., 2008). Indeed, with this correlation
structure imposed, it is possible to write the diffusion matrix σ(t, σ2

1,t, σ
2
2,t) in the

22-factor Stochastic Volatility model with Co-jumps between price and volatility and idiosyncratic
Volatility jumps.
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extended canonical form:

σ(t, σ
2
1,t, σ

2
2,t) = Σ

√
V (t, σ2

1,t, σ
2
2,t)

=

 Λ1 0 0 0
0 0 Λ2 0

ρ1

√
1− ρ2

1 ρ2

√
1− ρ2

2




√
σ2

1,t 0 0 0

0

√
σ2

1,t +
φt

1−ρ21
0 0

0 0
√
σ2

2,t 0

0 0 0
√
σ2

2,t


(3.8)

Appendix A.7, under the extended displaced affine framework introduced in Sec-
tion 3.2, elaborates on the meaning of the restrictions in the correlation structure,
such as (3.6), to be imposed in displaced affine models in order to preserve and
extend the affinity of the un-displaced model toward the displaced specification.

The Poisson processes Nt and N ′t are independent (between them) and also
independent from all the Wiener processes. Their intensities are given by the con-
stant parameters λ and λ′ respectively. They drive jumps in price and jumps in
volatility. The first Poisson process Nt is responsible for correlated jumps, oc-
curring simultaneously in price and volatility, with sizes cx and cσ respectively.
The second Poisson process N ′t is instead responsible for idiosyncratic jumps in
volatility, with size c′σ , independent from all other shocks. Jumps in volatility are
exponentially distributed, with parameters µco,σ and µid,σ expressing the mean of
correlated and idiosyncratic jumps respectively. Jumps in price are conditionally
(to jumps in volatility) normally distributed with conditional mean µx+ρJcσ and
variance δ2

x. The characteristic functions of the jump sizes are thus given by:

θco(zx, zσ) = EQ[eicxzx+icσzσ
]

=
eiµxzx−

1
2 δ

2
xz

2
x

1− iµco,σ (zσ + ρJzx)

θid(z′σ) = EQ[eic′σz′σ] =
1

1− iµid,σz′σ

(3.9)

where zx, zσ, z′σ ∈ C. Jumps characteristic functions in equation (3.9) can be ex-
tended to the complex plane as long as, respectively

Im(zσ + ρJzx) > −1/µco,σ

Im(z′σ) > −1/µid,σ
(3.10)

This lead to the parameter restriction ρJ < 1/µco,σ which is assumed throughout
the present analysis and which is often a fortiori satisfied by market calibrated
correlation parameter, as it is usually found ρJ ≤ 0. We define µ̄ = EQ [ecx − 1] =
θco(−i, 0)− 1, so that the price jump compensator is λµ̄t.
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3.1.2 Nested models

The Heston++ model (3.3) belongs to the affine class of (Duffie et al., 2000). In case
of no displacement (φt ≡ 0), the model nests several models already analyzed in
the literature and introduced in Section 2.2.1.
Imposing σ2,t ≡ 0, several one-factor specifications can be obtained: the standard
Heston SV model of (2.44) if Nt ≡ N ′t ≡ 0 is additionally imposed; if N ′t ≡ zσ ≡ 0
(i.e. allowing for log-normal jumps in price only) the SVJ model in (2.67) is re-
covered, which is considered for example by (Bakshi et al., 1997; Bates, 1996) and
introduced by Duffie et al. (2000) as a nested specification of the SVCJ model in
(2.47), which features correlated co-jumps in price and volatility.
The SVCJ model, extensively studied in the equity pricing literature (Broadie
et al., 2007; Eraker, 2004; Eraker et al., 2003, among many), is obtained by switch-
ing off the N ′t Poisson process and imposing σ2,t ≡ 0. This model is considered
for the pricing of futures and options on VIX by Kokholm et al. (2015); Lian and
Zhu (2013); Lin (2007); Zhu and Lian (2012).
If Nt ≡ σ2,t ≡ 0, we obtain the SVVJ model of equation (2.71) which features
idiosyncratic jumps in volatility and is introduced in Duffie et al. (2000) as nested
in the SVCJ model switching off jumps in price. The SVVJ model is adopted by
Sepp (2008b) for VIX option pricing extended with a local volatility term.
Two-factor specifications can be obtained letting σ2,t > 0: the double Heston 2-SV
model of Christoffersen et al. (2009) is obtained imposing no jumps Nt ≡ N ′t ≡ 0.
If N ′t ≡ zσ ≡ 0, the 2-SVJ of Bates (2000) with constant jump intensity is obtained.
Finally if N ′t ≡ 0 we obtain the 2-SVCJ model of equation (2.95) considered by
Chen and Poon (2013); Lo et al. (2013) for VIX derivatives pricing. The corre-
sponding displaced models are obtained letting φt ≥ 0 and are labelled as their
φt ≡ 0 counterparts, with the suffix ++. Without restrictions, we label the mo-
del by 2-SVCVJ. The unrestricted model has in total 17 parameters, that can be
schematically described as follows

St :

N jumps︷ ︸︸ ︷
(µx, δ

2
x) (λ, ρJ)︸ ︷︷ ︸

σ2
1,t :

(
α1, β1,Λ1, σ

2
1,0

)︸ ︷︷ ︸
SVfactor

co−︷ ︸︸ ︷
µco,σ

idiosync−︷ ︸︸ ︷
(λ′, µid,σ)︸ ︷︷ ︸

Exp jumps

σ2
2,t :

︷ ︸︸ ︷(
α2, β2,Λ2, σ

2
2,0

)
plus the function φt.
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3.1.3 SPX and VIX derivatives pricing

In this Section we generically label with H the model 2-SVCVJ and its nested
specifications described in the previous Section and with H++ the 2-SVCVJ++
model in (3.3) and its nested specifications (Hmodels with φt ≥ 0). The analytical
tractability of the displaced models H + + directly stems from the properties of
non-displaced specifications H. The following Lemma summarizes the relation
among the log-price and volatility characteristic functions of the H and H + +
models. All proofs and mathematical detailes are contained in Appendix A.1.

Lemma 2. Under the H++ models, the conditional characteristic function of the
price returns fH++

x (z) = EQ [eizxT ∣∣Ft] and of the two stochastic volatility factors

fH++
σ (z1, z2) = EQ

[
eiz1σ

2
1,T+iz2σ

2
2,T

∣∣∣Ft] are given by:

fH++
x (z;xt, σ

2
1,t, σ

2
2,t, t, T, φ) = fHx (z;xt, σ

2
1,t, σ

2
2,t, τ)e−

1
2 z(i+z)Iφ(t,T )

fH++
σ (z1, z2;σ2

1,t, σ
2
2,t, τ) = fHσ (z1, z2;σ2

1,t, σ
2
2,t, τ)

(3.11)

where τ = T − t, z, z1, z2 ∈ C and Iφ(t, T ) =
∫ T
t
φsds.

We can thus provide closed-form pricing formulas for vanilla options and VIX
derivatives for any of theH++ model based on the conditional characteristic func-
tions of the log-index and volatility factors under the correspondingHmodel. For
both classes of derivatives, we use the results of Lewis (2000, 2001) which turn out
to be convenient for numerical implementation.

Proposition 4. Under the H++ models, the arbitrage-free price at time t of a European
call option on the underlying St, with strike price K and time to maturity τ = T − t, is
given by

CH++
SPX (K, t, T ) = Ste

−qτ− 1

π

√
StKe

− 1
2

(r+q)τ

∫ ∞
0

Re

[
eiukfHx

(
u− i

2

)]
e−(u2+ 1

4 )Iφ(t,T )

u2 + 1
4

du

(3.12)
where k = log

(
St
K

)
+ (r − q)τ .

The price dynamics under the H++ models also determines the dynamics of
the volatility index. In practice, as will be discussed in Section 3.2.1, the VIX quo-
tation at time t is computed by CBOE as a model-free replication of the integrated
variance over the following 30 days. In the present analysis we will adopt a stan-
dard definition for the volatility index, expressed as the risk-neutral expectation
of a log-contract, as given in equation (2.42), which we rewrite for convenience
(Duan and Yeh, 2010; Lin, 2007; Zhang et al., 2010):(

V IXt

100

)2

= −2

τ̄
EQ
[

log

(
St+τ̄

F (t, t+ τ̄)

)∣∣∣∣Ft] (3.13)
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where Ft,t+τ̄ = e(r−q)τ̄St denotes the forward index quotation. For the CBOE VIX,
τ̄ = 30 days. The following Proposition gives the expression of V IXt under theH
models and the effect of the displacement φt on the index dynamics.

Proposition 5. Under theH++ models,(
V IXH++

t

100

)2

=

(
V IXHt

100

)2

+
1

τ̄
Iφ(t, t+ τ̄) (3.14)

where (V IXHt /100)2 is the corresponding quotation under H models, which is an affine
function of the volatility factors σ2

1,t and σ2
2,t(

V IXHt
100

)2

=
1

τ̄

∑
k=1,2

akσ
2
k,t + bk

 (3.15)

where Iφ(t, t + τ̄) =
∫ t+τ̄
t

φsds and the exact forms of ak(τ̄) and bk(τ̄) are provided in
Appendix A.3.

Pricing of VIX derivatives is complicated by the non affinity of VIX with re-
spect to volatility process. As discussed in Section 2.1.2, the arbitrage-free price
FV IX(t, T ) at time t of a futures contract with tenor T written on it cannot be de-
rived as a simple cost-of-carry relationship, but has to be evaluated as the risk
neutral expectation of the VIX at settlement (Bardgett et al., 2013; Zhang et al.,
2010)

FV IX(t, T ) = EQ [V IXT | Ft] (3.16)

Call options on VIX with maturity T and strikeK are European-style options pay-
ing the amount (V IXT −K)+ at maturity. As discussed in Section 2.1.3, they can
be regarded as options on VIX futures price process and can be priced according
to standard risk-neutral evaluation

CV IX(K, t, T ) = e−rτEQ [ (V IXT −K)+
∣∣Ft] (3.17)

We solve the complications related to the non-linear relation between VIX and
volatility by taking advantage of the analytical tractability of the conditional char-
acteristic function of the volatility factors fH++(z1, z2) in Lemma 2, and on the
generalized Fourier transform techniques of Chen and Joslin (2012); Lewis (2000,
2001). We provide an explicit pricing formula for futures and options on VIX for
H + + models in the following Proposition. Similar results can be found in the
literature (Branger et al., 2014; Lian and Zhu, 2013; Sepp, 2008a,b).

Proposition 6. Under H++ models, the time t value of a futures on V IXt settled at
time T and the arbitrage-free price at time t of a call option on V IXt, with strike price
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K and time to maturity τ = T − t are given respectively by (not relevant dependencies
suppressed and τ̄ = 30/365)

FH++
V IX (t, T )

100
=

1

2
√
π

∫ ∞
0

Re

fHσ (−z a1

τ̄
,−z

a2

τ̄

)
e
−iz

(∑
k=1,2 bk+Iφ(T,T+τ̄)

)
/τ̄

(−iz)3/2

 dRe(z) (3.18)

and

CH++
V IX (K, t, T )

100
=
e−rτ

2
√
π

×
∫ ∞

0

Re

fHσ (−z a1

τ̄
,−z

a2

τ̄

)
e
−iz

(∑
k=1,2 bk+Iφ(T,T+τ̄)

)
/τ̄ (

1− erf(K/100
√
−iz)

)
(−iz)3/2

 dRe(z)

(3.19)

where z = Re(z) + i Im(z) ∈ C, 0 < Im(z) < ζc(τ), ζc(τ) is given in Appendix A.4,
and erf(z) = 2√

π

∫ z
0
e−s

2

ds is the error function with complex argument (Abramowitz
and Stegun, 1965).

We have analyzed the effect of the choice of the upper bound ζc(τ) on the in-
tegrand behavior and pricing performance. Figure 10 reports, for the 2-SVCVJ
model, the shape of the two integrands of Proposition 6 on the imaginary z axis
Re(z) = 0 and the effect on VIX Options and Futures model prices when Im(z) is
set to different values within the strip of regularity 0 < Im(z) < ζc(τ) in equation
(A.21). Figure 11 reports the effect of the Im(z) running in the 2-SVCVJ++ model
in correspondence of different ranges of the displacement integral Iφ(T, T + τ̄)
in Proposition 6. In our empirical analysis we have found convenient to chose
Im(z) = ζc(τ)/2.
We conclude this Section by observing that we are not assuming any explicit
functional form for the displacement function φt, but we use it as an analyt-
ically tractable correction for the corresponding pricing formulas for the non-
displaced models H. The only degrees of freedom of φt determined by SPX and
VIX derivatives are its integrals over the life of the options on price, Iφ(t, T ), and
those over the fixed forward volatility horizon of τ̄ from the expiry of VIX fu-
tures/options onward Iφ(T, T + τ̄). These are the quantities that will be effec-
tively calibrated to market data. Moreover, calibrated integrals are constrained by
the non-negativity of φt. For example, if we observe two consecutive SPX vanilla
maturities TSPX1 , TSPX2 and an intermediate VIX option expiration TV IX ordered
as

t < TSPX1 < TV IX < TV IX + τ̄ < TSPX2 , (3.20)

the only ordering in the integrals compatible with φt ≥ 0 is

Iφ(t, TSPX2 )− Iφ(t, TSPX1 ) ≥ Iφ(TV IX , TV IX + τ̄) ≥ 0 . (3.21)
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Figure 10: Left panels A, C and E report the shape of the VIX Options and Futures integrands
in the pricing formulas of Proposition 6 for the 2-SVCVJ model as a function of Im(z) ranging
in the strip of regularity 0 < Im(z) < ζc(τ) and setting Re(z) = 0. Model parameters are taken
from the last column of table 6, interest rate is set to r = 0 and there is no displacement (φt ≡ 0).
In panel A (C) we consider VIX options with a maturity of 45 days (6 months), i.e. τ = 45/365
(τ = 0.5), and strikes K = 10, 40 and 70, whereas in panel E VIX Futures with tenors of 45
days, 3 and 6 months, i.e. τ = 45/365, 0.25 and 0.5 (corresponding ζc(τ) bounds are 6.80, 4.69
and 3.89, respectively). Right panels B and D (F) present VIX options (Futures) 2-SVCVJ model
prices as a function of 0 < Im(z) < ζc(τ) for maturities corresponding to the right panels A
and B (E). Integrals are calculated with the Matlab function quadgk, with default error tolerance
(AbsTol = 10−10 and RelTol = 10−6). 63
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Figure 11: Left panels A, C and E report the shape of the VIX Options and Futures integrands in
the pricing formulas of Proposition 6 for the 2-SVCVJ++ model as a function of Im(z) ranging
in the strip of regularity 0 < Im(z) < ζc(τ) and setting Re(z) = 0. Model parameters are
taken from the last column of table 6, interest rate is set to r = 0 and displacement parameter
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Right panels B and D (F) present VIX options (Futures) 2-SVCVJ++ model prices as a function
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3.2 A general displaced affine framework for volatil-
ity

We will now introduce a general framework, which embeds the H++ models,3

that allows for a more general description of the istantaneous volatility. The φt-
displaced (eventually multi-factor) dynamics of the spot volatility is further ex-
tended with a second deterministic displacement function ψt, which modules the
amplitude of the volatility process, which seems to be a feature already noticed
and appreciated in literature (Papanicolaou and Sircar, 2014; Sepp, 2008b; Zhao,
2013). The general framework describes in a mathematical compact way these
possible general deterministic extensions of the volatility process, still preserving
the affinity of the specification.
Our analytical approach builds on the general characterization of affine models
introduced by Duffie et al. (2000), the affine model for variance swaps of Egloff
et al. (2010); Leippold et al. (2007) and on the affine model of VIX derivatives of
Branger et al. (2014). We consider a class of displaced AJD models in which the
risk-neutral dynamics of the S&P500 index features several diffusive and jump
risk sources and two general forms of displacement characterize the dynamics of
the instantaneous variance process, which is affine in the state vector of volatility
factors.
Consider a filtered probability space (Ω,F , {Ft}t≥0 ,Q), where {Ft}t≥0 represents
the history of the market up to time t and Q denotes the pricing measure. The dy-
namics of the volatility factor state vector Xt = (σ2

1,t, ..., σ
2
n,t)
> ∈ Rn is described

by the affine jump diffusion

dXt = µ(t,Xt)dt+ σ(t,Xt)dW
X
t +

mX∑
j=1

dZj,t (3.22)

where WX
t is an n-dim standard Wiener process and each Zj,t is a n-dim com-

pound Poisson process. The affine structure of the process is the following:

Drift vector: µ(t,X) = K0 +K1Xt where K0 ∈ Rn and K1 ∈ Rn×n;

Variance-covariance matrix: (σ(t,X)σ>(t,X))ij = (H0)ij + (H1)ij · Xt =

(H0)ij +
∑n
k=1(H

(k)
1 )ijXk,t where H0 and each H

(k)
1 are symmetric n × n

real matrices;

Jump intensities: λj(Xt) = λ0,j + λ>1,jXt where λ0,j ∈ R and λ1,j ∈ Rn for
each j = 1, ...,mX ;

3That is, the 2-SVCVJ++ model introduced in the previous Section together with all its nested
specifications discussed in Section 3.1.2.
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Jump sizes: random ZXj ∈ Rn4 distributed according to the risk-neutral jump
measure νj of finite variation and independent of jump timing for each j =
1, ...,mX . The corresponding moment generating function (MGF) is

θj(u) =

∫
Rn
eu
>ZXj dνj(Z

X
j ) = EQ[eu

>ZXj ] (3.23)

where u ∈ Cn.

Under pricing measure Q, the S&P500 index returns process logSt features n dif-
fusive risk factor contributions and mS jump risk sources, as follows:

d logSt =

r − q − 1

2

n∑
i=1

(
ψi,tσ

2
i,t + φi,t

)
−

mS∑
j=1

µ̄j,tλ̂j,t

 dt

+

n∑
i=1

√
ψi,tσ2

i,t + φi,tdW
S
i,t +

mS∑
j=1

cjdNj,t

(3.24)

where r and q are the constant short-rate and continuously compounded dividend
yield rate, respectively. Each WS

i,t is a scalar standard Wiener process and each
cjNj,t is a scalar compound Poisson process characterized by:

Jump intensities: affine in the volatility factor state vector: λ̂j,t = λ̂0,j+λ̂
>
1,jXt;

Jump sizes: random cj , with jump measure ν̂j of finite variation and inde-
pendent from the jump timing for each j = 1, ...,mS . The MGF is

θ̂j(u) =

∫
R
eucjdν̂j(cj) = EQ[eucj ] (3.25)

where u ∈ C and compensator process

µ̄j,t = EQ[ecj − 1|Ft] = θ̂j(1)− 1. (3.26)

The multiplicative ψi,t and additive φi,t displacement functions are deterministic
non-negative functions

ψi,t ≥ 0 and φi,t ≥ 0 (3.27)

initially set to ψi,0 = 1 and φi,0 = 0 for each i = 1, ..., n. The present setting is dif-
ferent with respect to the setting in Leippold et al. (2007) and Egloff et al. (2010),

4That is ZXi,j ∈ R is the random jump size of the i-th volatility factor, induced by the j-th kind of
jump.
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since it allows for uncompensated jumps in the stochastic volatility factors dy-
namics. Moreover, it features a time-varying affine structure of the instantaneous
diffusive variance

Vc(Xt) =

n∑
i=1

Vc,i(σ
2
i,t) =

n∑
i=1

ψi,tσ
2
i,t + φi,t = Ψ>t Xt + 1>Φt (3.28)

where we have denoted with 1 ∈ Rn a vector of ones. A similar setup is presented
also in Branger et al. (2014), but the affinity structure of the diffusive spot variance
is restricted to be constant in time

Vc(Xt) = Ψ>Xt. (3.29)

As observed by Zhao (2013), multi-factor affine models, mostly with constant co-
efficients, are extensively employed in modeling interest rate dynamics (Duffie
and Kan, 1996; Duffie et al., 2000), volatility dynamics (Christoffersen et al., 2009;
Egloff et al., 2010) and default rate dynamics (Duffie and Singleton, 1999). Models
with a time-varying affinity structure of spot variance are less common. In the
context of variance derivatives, a n = 2 factor model with

Vc(σ
2
1,t, σ

2
2,t) = ψ1,tσ

2
1,t + ψ2,tσ

2
2,t (3.30)

has been considered by Zhao (2013) in order to fit the term structure of variance,
interpolating between the initial and steady-state mean variance, with ψ2,t ∝ 1 −
ψ1,t playing a role of a damping function. Another n = 1 factor model with time-
dependent multiplicative displacement, calibrated on futures and options on VIX,
with

Vc(σ
2
t ) = ψtσ

2
t (3.31)

has been considered by Sepp (2008b) where the function ψt is calibrated to the
term structure of VIX futures. Our 2-SVCVJ++ model, introduced in Section 3.1.1,
is a particular instance of the present setting, with n = 2 factors and a lower
bounded spot variance

Vc(σ
2
1,t, σ

2
2,t) = σ2

1,t + φt + σ2
2,t (3.32)

where the function φt ≥ 0 improves considerably the fit of the VIX futures term
structure, while preserving the other degrees of freedom of the model for the con-
sistent fit of options on S&P500 and VIX.
The jump structure outlined above allows for the dynamics ofXt and logSt to fea-
ture both independent idiosyncratic jumps and simultaneous correlated co-jumps.
For example, in order to model the fact the k-th kind of jump is a correlated co-
jump between the price process St and the i-th volatility factor Xi,t, one may con-
sider a common Poisson process Nk,t, driving synchronized jumps in both pro-
cesses and correlated jump sizes (ck, Z

X
i,k). This is the case of our 2-SVCVJ++
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model, in which the first factor σ2
1,t features two kind of jumps, one idiosyncratic

and the other one correlated and syncronized with the underlying S&P500 index
process. This rich jump specification increases the volatility of variance, that is
the vol-of-vol, and dramatically improves the ability of the model to fit the positive
skew of the VIX options surface.
The jump contribution to the instantaneous variance is given by

Vd(Xt) =

mS∑
j=1

EQ[c2j ]
(
λ̂0,j + λ̂>1,jXt

)
(3.33)

and therefore the overall spot variance is the sum of the two contributions
Vc(Xt) + Vd(Xt). Correspondingly, the total quadratic variation of the index re-
turns between time t and T , [logS]T − [logS]t, which we will denote as [logS]t,T ,
is the sum of the diffusive and jump contributions:

[logS]t,T =

∫ T

t

Vc(Xs)ds+

∫ T

t

Vd(Xs)ds = [logS]ct,T + [logS]dt,T (3.34)

where we have defined the diffusive and jumps contributions

[logS]ct,T =

∫ T

t

Ψ>s Xs + 1>Φsds (3.35)

[logS]
d
t,T =

mS∑
j=1

EQ[c2j ]

(
λ̂0,jτ + λ̂>1,j

∫ T

t

Xsds

)
(3.36)

where τ = T − t. As will be discussed in Section 3.2.1, the fair price SWt,T of a
variance swap contract is the (annualized) risk-neutral expected value of the total
quadratic variation at the time t at which the contract is made:

SWt,T =
1

τ
EQ [ [logS]t,T | Ft]

=
1

τ
EQ [ [logS]ct,T

∣∣Ft]+
1

τ
EQ [ [logS]dt,T

∣∣Ft] (3.37)

We need therefore to compute in the present setting the expected values of the
diffusive and jump contributions (3.35) and (3.36). We will follow (Egloff et al.,
2010; Leippold et al., 2007) and begin introducing the conditional characteristic
function (CF) of the diffusive quadratic variation (3.35).

Proposition 7. Under general integrability conditions,5 the conditional characteristic
function of the diffusive quadratic variation (3.35) takes the following exponential affine
form:

EQ
[
eiz[logS]ct,T

∣∣∣Ft] = eαc+β
>
c Xt (3.38)

5See (Duffie et al., 2000, Prop. 1).
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with z ∈ R and coefficients αc(z, t, T ) ∈ R and βc(z, t, T ) ∈ Rn satisfying the following
ordinary and Riccati differential equations, respectively

α̇c(z, t, T ) = −K>0 βc −
1

2
β>c H0βc − iz1>Φ(t)−

mX∑
j=1

λ0,j (θj(βc)− 1)

β̇c(z, t, T ) = −K>1 βc −
1

2
β>c H1βc − izΨ(t)−

mX∑
j=1

λ1,j (θj(βc)− 1)

(3.39)

and the terminal conditions αc(z, T, T ) = 0 and βc(z, T, T ) = 0.

Proof. See Proposition 1 of Egloff et al. (2010), though with a slightly different no-
tation. The proof is analogous to the one in (Mortensen, 2005, App. A.2), thought
in the context of intesity-based credit risk models and is derived in the footsteps
of Proposition 1 of Duffie et al. (2000), which provides the standard transform
analysis for CF-like expectations in affine models. In particular, the closed-form
expression of the CF of an integrated affine process can be found in (Duffie and
Singleton, 2012, App. A.5) and (Duffie and Garleanu, 2001, App. A) in the credit
risk context and in Duffie and Kan (1996), in the general analysis of interest rates
models.

From the characteristic function (3.38), its expectation is easily obtained by
differentiation w.r.t. z

EQ [[logS]ct,T |Ft
]

= −i

[
∂αc
∂z

+

(
∂βc
∂z

)>
Xt

]∣∣∣∣∣
z=0

(3.40)

and partial derivatives may be computed in closed form, as presented in the next
Proposition.

Proposition 8. Under the setting described above, the conditional expectation of the dif-
fusive quadratic variation in (3.35) is the following affine function of the volatility factor
state vector Xt:

EQ [[logS]ct,T |Ft
]

= Ac +B>c Xt + 1>
∫ t+τ̄

t

Φsds (3.41)

where Ac ∈ R and Bc ∈ Rn can be expressed in integral terms6

Ac(t, T ; Ψ[t,T ]) =

∫ T

t

B>c (s, T ; Ψ[s,T ])ds

K0 +

mX∑
j=1

λ0,j∇θj(0)


Bc(t, T ; Ψ[t,T ]) =

∫ T

t

e(K
>
1 +
∑mX
j=1 λ1,j∇θ>j (0))(s−t)Ψ(s)ds

(3.42)

6From definition (3.23),∇θj(0) stands for∇θj(u)|u=0 = EQ[ZXj ].
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Proof. Start from the equations for (α, β) in (3.39) and follow the same arguments
of the proof of Proposition 2 in Leippold et al. (2007).

In the case of constant affinity structure of spot variance, as it is commonly
assumed in literature, we get the following Corollary.

Corollary 3. If the multiplicative displacement vector is constant Ψt ≡ Ψ, the functions
Ac and Bc are time homogeneous

Ac(τ) =
[
B>c (τ)−Ψ>τ

]K>1 +

mX∑
j=1

λ1,j∇θ>j (0)

−1K0 +

mX∑
j=1

λ0,j∇θj(0)


Bc(τ) =

[
e(K

>
1 +
∑mX
j=1 λ1,j∇θ>j (0))τ − Idn

]K>1 +

mX∑
j=1

λ1,j∇θ>j (0)

−1

Ψ

(3.43)
where τ = T − t and Idn ∈ Rn×n is the identity matrix.

If jumps in volatility are compensated, that is if we make the following substi-
tution

mX∑
j=1

dZj,t =⇒
mX∑
j=1

(
dZj,t − λj(Xt)E

Q[ZXj ]dt
)

(3.44)

in (3.22) and if both multiplicative Ψt and additive Φt displacements are con-
stant functions of time, expression (3.41) for the expected integrated variance
EQ [[logS]ct,T |Ft

]
consistently reduces to the corresponding expression given by

Proposition 2 of Leippold et al. (2007).
We conclude this Section deriving the expected value of the jump-induced contri-
bution [logS]dt,T in (3.36) to the total quadratic variation, which is a linear function
of the volatility state vector Xt integrated between time t and T .

Proposition 9. Under general integrability conditions,7 the conditional expectation of
the jump quadratic variation is a linear function of the integrated volatility state vector
Xt

EQ [[logS]dt,T |Ft
]

=

mS∑
j=1

EQ[c2j ]

(
λ̂0,jτ + λ̂>1,jE

Q

[∫ T

t

Xsds

∣∣∣∣∣Ft
])

(3.45)

where

EQ

[∫ T

t

Xsds

∣∣∣∣∣Ft
]

= Ax(τ) +Bx(τ)Xt (3.46)

7See (Duffie et al., 2000, Prop. 1).
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and the time homogeneous functions Ax ∈ Rn and Bx ∈ Rn×n are as follows:

Ax(τ) = [Bx(τ)− Idnτ ]

K1 +

mX∑
j=1

∇θj(0)λ>1,j

−1K0 +

mX∑
j=1

λ0,j∇θj(0)


Bx(τ) =

[
e(K1+

∑mX
j=1 ∇θj(0)λ>1,j)τ − Idn

]K1 +

mX∑
j=1

∇θj(0)λ>1,j

−1

(3.47)

Proof. This expectation has been carried out in a similar setting in (Branger et al.,
2014, eq. 6), though no proof can be found. A proof can be easily derived in the
following way, from the results in Proposition 7:

1. Consider the conditional CF of the affine processXt ∈ Rn integrated in [t, T ]

Fx(Z;Xt, τ) = EQ
[
eiZ
> ∫ T

t
Xsds

∣∣∣Ft] (3.48)

where Z ∈ Rn.

2. The CF Fx can be easily derived from the conditional CF of the diffusive
quadratic variation [logS]ct,T , given in equation (3.38), since:

fc(z;Xt,Ψt,Φt) = EQ
[
eiz[log S]ct,T

∣∣∣Ft]
= EQ

[
eiz

∫ T
t

Ψ>s Xs+1>Φsds
∣∣∣Ft] (3.49)

and therefore
Fx(Z;Xt, τ) = fc(1;Xt, Z,0) (3.50)

where 0 ∈ Rn is the zero vector.

3. Finally, take the gradient of Fx w.r.t Z and evaluate it at Z = 0:

EQ

[∫ T

t

Xsds

∣∣∣∣∣Ft
]

= −i∇ZFx(Z;Xt, τ)|Z=0

= Ax(τ) +Bx(τ)Xt

(3.51)

In appendix A.5 we apply a different approach, applying the concept of func-
tional derivative and deriving the expectation of

∫ T
t
Xsds directly from the inte-

gral
∫ T
t

Ψ>s Xsds (part of [logS]ct,T in (3.35)), considering it as a functional of the
function Ψt.
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3.2.1 Affine modeling of VIX index

In this Section we will consider variance swaps and the VIX volatility index and
study the relation among them. We will first introduce standard literature results
concerning the replication of variance swaps, then we will step back to the VIX
market definition discussed in Section 2.1 and connect it to a variance swap repli-
cation strategy. Finally, we will present the expression for both instruments under
the affine framework outlined in the previous Section.
Variance swaps are annualized forward contracts written on the annualized real-
ized variance RVt,T of daily (less often, weekly) logarithmic returns over a time
grid t = t0 < t1 < ... < tk = T spanning the fixed interval of time [t, T ] into
the future (Bossu et al., 2005; Demeterfi et al., 1999), which following Cont and
Kokholm (2013) can be written as

RVt,T =
1

τ

k∑
i=1

(
log

Sti
Sti−1

)2

(3.52)

where τ = T − t and St is a price process of the underlying that, for derivative
pricing, we model on a filtered (Ω,F , {Ft}t≥0 ,Q). At maturity, the payoff of the
long side of the swap is equal to the difference between the realized varianceRVt,T
and a constant called variance swap rate SWt,T , determined at inception t (Carr and
Wu, 2009, eq. 1)

N (RVt,T − SWt,T ) (3.53)

and where N is the notional of the contract. For any semi-martingale, as the time-
grid gets finer (i.e. as supi=1,...,k |ti − ti−1| → 0), the realized variance RVt,T in
(3.52) converges to the annualized total quadratic variation [logS]t,T defined in
equation (3.34)

RVt,T =
1

τ
[logS]t,T (3.54)

Therefore, in the limit of continuous monitoring,8 variance swaps are contingent
claims on the annualized total quadratic variation [logS]t,T of the log price in that
interval (Cont and Kokholm, 2013; Todorov and Tauchen, 2011). No arbitrage im-
plies zero net value of the contract at the time of initiation. Therefore, the variance
swap rate fair value

SWt,T = EQ [RVt,T | Ft] (3.55)

8The approximation RVt,T ≈ 1
τ

[logS]t,T is still acceptable when the sampling frequency is daily
(Broadie and Jain, 2008).
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for a variance swap signed at time t and maturing at time T is the annualized
time-t conditional quadratic variation (3.34) between time t and T

SWt,T =
1

τ
EQ [ [logS]t,T | Ft]

=
1

τ
EQ [ [logS]ct,T

∣∣Ft]+
1

τ
EQ [ [logS]dt,T

∣∣Ft] (3.56)

Under the affine model introduced in the previous Section, we therefore have:

SWt,T =
1

τ

(
EQ

[∫ T

t

Ψ>s Xsds

∣∣∣∣∣Ft
]

+ 1>
∫ T

t

Φ>s ds

)

+
1

τ

mS∑
j=1

EQ[c2j ]

(
λ̂0,jτ + λ̂>1,jE

Q

[∫ T

t

Xsds

∣∣∣∣∣Ft
]) (3.57)

Carr and Wu showed that the variance swap rate SWt,T can be replicated by a
portfolio of out-of-the-money options Q(K, t, T ) maturing at the same time T of
the contract with an infinite continuum of strikes K plus an error term ε(t, T ) of
third order in jump sizes9

SWt,T =
2

τ
erτ
∫ ∞

0

Q(K, t, T )

K2
dK + ε(t, T ) (3.58)

The error term is induced by jumps in the St process and, under our affine frame-
work, can be written as

ε(t, T ) = −2

τ

mS∑
j=1

EQ

[
ecj − 1− cj −

c2j
2

](
λ̂0,jτ + λ̂>1,jE

Q

[∫ T

t

Xsds

∣∣∣∣∣Ft
])

(3.59)
Consider the market definition of VIX, as presented in Section 2.1. In the limit of
an infinite continuum of strike prices,10 the square of the VIX index given in (2.1)
and (2.2) approaches the first summand in (3.58)11 (Carr and Wu, 2006; Cont and
Kokholm, 2013)

lim
∆K→0

Kmax→+∞
Kmin=0

(
V IXt

100

)2

=
2

τ̄
erτ̄
∫ ∞

0

Q(K, t, t+ τ̄)

K2
dK (3.60)

9See eq. 5 in Carr and Wu (2009) and (Carr and Madan, 2001; Demeterfi et al., 1999; Jiang and Tian,
2007).

10And neglecting also the error induced by the interpolation between T1 and T2 option maturity
buckets.

11The second term in (2.1),
(
F (t,T )
K0

− 1
)2

, is due to the use of the put-call parity in order to sub-
stitute an ITM call option at K0 with an OTM put at the same strike and it is lost in the limit of a
continuum of strikes, as we assume in the present analysis (Carr and Wu, 2006, App. B).
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where τ̄ = 30/365 denotes the annualized 30 days horizon inherent in VIX defini-
tion. We can therefore express the square of the VIX index at time t as(

V IXt

100

)2

= SWt,t+τ̄ − ε(t, t+ τ̄)

=
1

τ̄
EQ [ [logS]t,t+τ̄ | Ft]− ε(t, t+ τ̄)

=
1

τ̄
EQ [ [logS]ct,t+τ̄

∣∣Ft]+

(
1

τ̄
EQ [ [logS]dt,t+τ̄

∣∣Ft]− ε(t, t+ τ̄)

)
(3.61)

If we switch off jumps, VIX index and variance swap rate over the same horizon
consistently coincide(

V IXt

100

)2

≡ SWt,t+τ̄

∣∣∣∣∣St has continuous paths (3.62)

but if we allow the price process St to jump, the effect on the discontinuity on the
variance swap rate is different from its effect on the VIX. Equation (3.61) is com-
monly adopted as a continuous-time definition of VIX (Zhao, 2013). Comparing
to VIX CBOE calculations in (2.1), (2.2) and (2.5), formula (3.61) is exact up to the
discretization error due to ∆K > 0, the truncation errors due to a finite number
of strikes Kmax < +∞,Kmin > 0 and the error introduced ignoring the linear in-
terpolation/extrapolation between the two maturity buckets at T1 and T2. In our
affine framework, comparing the expression in (3.61) with the one for variance
swap rates in (3.57), the VIX index squared at time t can be explicitly written as(

V IXt

100

)2

=
1

τ

(
EQ

[∫ T

t

Ψ>s Xsds

∣∣∣∣∣Ft
]

+ 1>
∫ T

t

Φ>s ds

)

+
2

τ̄

mS∑
j=1

EQ [ecj − 1− cj ]
(
λ̂0,j τ̄ + λ̂>1,jE

Q
[∫ t+τ̄

t

Xsds

∣∣∣∣Ft])
(3.63)

and we can see that the difference between VIX and variance swap rate induced
by jumps is consistently of third orders in jumps size (Branger et al., 2014, App.
B.1) (

V IXt

100

)2

− SWt,t+τ̄ = −ε(t, t+ τ̄) = O
(
EQ [c3]) (3.64)

which shows that, under our continuous time affine framework, the error induced
approximating the VIX (squared and scaled) with the variance swap rate is of
third order in the jump sizes.
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With the results in propositions 8 and 9 we can price instruments which di-
rectly depend on the dynamics of volatility. In particular, the VIX index can be
written as an affine function of the volatility factor state vector.

Proposition 10. Under the affine framework of Section 3.2, from definition (3.63), the
VIX index squared at time t is(

V IXt

100

)2

=
1

τ̄

(
a+ b>Xt + 1>

∫ t+τ̄

t

Φsds

)
(3.65)

where functions a ∈ R and b ∈ Rn can be expressed as:

a(t, t+ τ̄ ; Ψ[t,t+τ̄ ]) = Ac(t, t+ τ̄ ; Ψ[t,t+τ̄ ]) + 2

mS∑
j=1

EQ [ecj − 1− cj ]
(
λ̂0,j τ̄ + λ̂>1,jAx(τ̄)

)
b(t, t+ τ̄ ; Ψ[t,t+τ̄ ]) = Bc(t, t+ τ̄ ; Ψ[t,t+τ̄ ]) + 2

mS∑
j=1

EQ [ecj − 1− cj ]B>x (τ̄)λ̂1,j

(3.66)

Proof. Straightforward application of definition (3.63), where the affinity coeffi-
cients (Ac, Bc) ∈ R×Rn of the diffusive quadratic variation have been defined in
(3.42) and the corresponding coefficients (Ax, Bx) ∈ Rn × Rn×n of the integrated
volatility factor state vector have been defined in (3.47).

If the multiplicative displacement vector is constant Ψt ≡ Ψ, the expected dif-
fusive quadratic variation of proposition 8 is affine in the expectation of the inte-
grated volatility factor state vectorXt of proposition 9 and the following corollary
summarizes how the affinity structure of VIX squared simplifies

Corollary 1. If the multiplicative displacement vector is constant Ψt ≡ Ψ, the VIX
squared affinity coefficients (a, b) ∈ R× Rn are time homogeneous functions

a(τ̄) = Ψ>Ax(τ̄) + 2

mS∑
j=1

EQ [ecj − 1− cj ]
(
λ̂0,j τ̄ + λ̂>1,jAx(τ̄)

)

b(τ̄) = B>x (τ̄)

(
Ψ + 2

mS∑
j=1

EQ [ecj − 1− cj ] λ̂1,j

) (3.67)

Under the same setting, from (3.56), the variance SWt,t+τ̄ at time t, over the
same 30-day horizon of the V IXt, can be obtained replacing

2EQ [ecj − 1− cj ] (3.68)

with
EQ[c2j ] (3.69)

everywhere in (3.66) and (3.67).
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3.2.2 Affine modeling of VIX derivatives

The payoff of a VIX futures contract settled at time T and of a call option on VIX
of strike K and maturing at T are linear functions of the VIX index value at settle
V IXT , respectively wF (V IXT ) = V IXT and wC(V IXT ) = (V IXT −K)+. As it
is clear from Proposition 10, the index VIX has a non linear (square-root) relation
with the volatility vector Xt. To overcome this issue, together with the other men-
tioned above, we rewrite the payoffs as non-linear functions of the scaled squared
VIX index

wF (V IX ′2T ) = 100×
√
V IX ′2T

wC(V IX ′2T ) = 100×
(√

V IX ′2T −K
′
)+ (3.70)

where V IX ′t = V IXt/100 and K ′ = K/100 are, respectively, the index and strike
values expressed in percentage points. The Fourier transforms for these payoffs
are available in closed form

ŵF (z) =

∫ ∞
0

eizV IX
′2
T wF (V IX ′2T )dV IX ′2T

= 100×
√
π

2

1

(−iz)3/2

ŵC(z) =

∫ ∞
−∞

eizV IX
′2
T wC(V IX ′2T )dV IX ′2T

= 100×
√
π

2

1− erf(K ′
√
−iz)

(−iz)3/2

(3.71)

with z = Re(z) + i Im(z) ∈ C and are single-valued regular functions in the upper
half of the complex plane Im(z) > 0. Following the approach in (Lewis, 2000,
2001), in the next Proposition we will derive a closed-form expression for the VIX
derivative prices in terms of the complex Fourier transform of futures and options
payoffs and the complex CF of the volatility factor state vector Xt.

Proposition 11. Under the affine framework described above, the time t value of a fu-
tures on VIX settled at time T and the arbitrage-free price at time t of a call option with
strike price K and time to maturity τ = T − t are given respectively by (not relevant
dependencies suppressed and τ̄ = 30/365)

FV IX(t, T ) = 100× 1

2
√
π

∫ ∞
0

Re

[
fσ

(
−z b

τ̄

)
e−iz(a+1>IΦ(T,T+τ̄))/τ̄

(−iz)3/2

]
dRe(z) (3.72)
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and

CV IX(K, t, T ) = 100× e−rτ

2
√
π

×
∫ ∞

0

Re

[
fσ

(
−z b

τ̄

)
e−iz(a+1>IΦ(T,T+τ̄))/τ̄ (1− erf(K/100

√
−iz)

)
(−iz)3/2

]
dRe(z)

(3.73)
where z = Re(z) + i Im(z) ∈ C and the integrals are performed along a line parallel
to the Re(z) axis selecting Im(z) such that 0 < Im(z) < ζc(t, T ). The complex valued
erf(z) = 2√

π

∫ z
0
e−s

2

ds is the error function with complex argument, the integrated
additive displacement vector is

IΦ(T, T + τ̄) =

∫ T+τ̄

T

Φsds (3.74)

and the VIX index affinity coefficients a ∈ R and b ∈ Rn are given in Proposition 10 and
have to be evaluated at time T .12 Finally, the function

fσ(Z;Xt, t, T ) = EQ
[
eiZ
>XT

∣∣∣Ft] (3.75)

with Z = Re(Z) + i Im(Z) ∈ Cn, is the risk-neutral conditional characteristic function
of Xt ∈ Rn.

Proof. See Appendix A.6.

The upper bound ζc(t, T ) depends on the CF fσ of the specific model consid-
ered and is derived explicitly for our 2-SVCVJ++ model in Appendix A.4. Similar
results can be found in the literature (Branger et al., 2014; Lian and Zhu, 2013;
Sepp, 2008a,b). The previous Proposition is completely specified once the con-
ditional CF of the stochastic volatility process Xt is known. As shown in Duffie
et al. (2000) and as will be presented in the next Proposition, an affine process Xt

always has a CF and its functional form is exponential affine in Xt.

Proposition 12. Under the affine framework described above and under technical regu-
larity conditions13, the risk-neutral conditional characteristic function of Xt ∈ Rn is the
following exponential affine function of Xt

fσ(Z;Xt, t, T ) = eAσ+B>σ Xt (3.76)

12That is their explicit dependencies in the pricing formulas are a(T, T + τ̄ ; Ψ[T,T+τ̄ ]) and b(T, T +
τ̄ ; Ψ[T,T+τ̄ ]).

13Refer to (Duffie et al., 2000, Prop. 1).
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where the functionsAσ(Z; t, T ) ∈ C andBσ(Z; t, T ) ∈ Cn satisfy the following ordinary
and Riccati differential equations, respectively14

Ȧσ(Z, t, T ) = −K>0 Bσ −
1

2
B>σ H0Bσ −

mX∑
j=1

λ0,j (θj(Bσ)− 1)

Ḃσ(Z, t, T ) = −K>1 Bσ −
1

2
B>σ H1Bσ −

mX∑
j=1

λ1,j (θj(Bσ)− 1)

(3.77)

with Z = Re(Z) + i Im(Z) ∈ Cn and the terminal conditions Aσ(Z, T, T ) = 0 and
Bσ(Z, T, T ) = iZ.

Proof. This proposition is a particular case of (Duffie et al., 2000, Prop. 1).

The ODE forAσ is integrable once the Riccati equations forBσ has been solved.
These last often do not have a closed-form analytical solution, mostly because
model parameters in K1 and H1 may be time-dependent or in case of co-jumps
between volatility factors, modeled through the jump MGF θj(Bi,σ, Bk,σ) which
eventually couples the two Riccati for Bi,σ , and Bk,σ , making them not separately
integrable.

14Here x>H1x ∈ Cn is the complex vector whose k-th component is
∑n
i,j=1 xi(H

(k)
1 )ijxj and

H
(k)
1 ∈ Rn×n.
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Chapter 4

The Heston++ model:
empirical analysis

In our empirical analysis we jointly fit S&P500 options - together with VIX futures
and options - using the Heston++ model. We study the contribution of the various
features of the model analyzing their impact on the pricing performance over a
sample period of two years.

Our study endorses the results from literature concerning the need of a multi-
factor specification of the volatility dynamics (Andersen et al., 2002; Bates, 2012;
Egloff et al., 2010; Kaeck and Alexander, 2012; Mencı́a and Sentana, 2013) and of a
discontinuous returns process (Bakshi et al., 1997; Bates, 1996; Eraker, 2004; Pan,
2002). We therefore choose as a benchmark model for our analysis the 2-SVJ mo-
del of Section 3.1.2, which features two Heston stochastic volatility factors and
normal jumps in the returns dynamics. We then analyze the different contribu-
tions of jumps in volatility inserting two sources of exponential jumps in one of the
two volatility factors. We first add them separately as an idiosyncratic source of
discontinuity (2-SVVJ model) and then correlated and synchronized with jumps
in price (2-SVCJ model). Then, we let the two discontinuity components act to-
gether in the 2-SVCVJ model.

At the same time, we make a displacement transformation on the volatility
dynamics of each H model considered and analyze the performance of the corre-
spondingH++ model. In addition, we repeat the analysis restricting the freedom
of factor parameters imposing the Feller condition (Andersen and Piterbarg, 2007;
Cox et al., 1985; Duffie and Kan, 1996).

Our analysis shows that the Heston++ model - calibrated consistently on the
three markets - works remarkably well, with an overall absolute (relative) esti-
mation error below 2.2% (4%). The key feature of the model is a deterministic

79



displacement of the instantaneous volatility, in addition to the usual multi-factor
affine structure. Our empirical results show a decisive improvement in the pricing
performance over non-displaced models, and also provide clear empirical support
for the presence of both price-volatility co-jumps and idiosyncratic jumps in the
volatility dynamics.

The chapter is structured as follows: Section 4.1 describes the financial data
adopted for the empirical analysis and the descriptive statistics. Section 4.2 dis-
cusses the results and Section 4.2.2 describes the impact of restricting the volatility
dynamics imposing the Feller condition. Section 4.3 concludes.

4.1 Empirical analysis

Our sample period spans two years, ranging from January 7, 2009 to December
29, 2010. The sampling frequency is weekly and the observation day is Wednes-
day. In total, we have 104 weekly surfaces and term structures. Closing prices of
S&P500 vanilla and VIX options are adopted, together with settlement prices of
VIX futures.

Commonly adopted exclusion filters are applied to data (Aı̈t-Sahalia and Lo,
1998; Bakshi et al., 1997; Bardgett et al., 2013). We exclude option quotes with
negative bid-ask spreads, zero bids and filter out observations not satisfying stan-
dard no-arbitrage conditions.1 Potential liquidity and asynchronicity biases are
reduced considering only options with maturity between one week and one year
and excluding contracts not traded on a given date. Following Bardgett et al.
(2013), the analysis is carried out only with liquid OTM options for the S&P500
market and only with liquid call options for the VIX market. If a VIX ITM call
lacks of liquidity, we use the put-call parity in equation (2.12) to infer the liquid
price of the call from a more liquid VIX OTM put. 2 We compute moneyness as the
option exercise price divided by the current index level for SPX options and as the
ratio of the option strike and the VIX futures settle price for options on VIX.3 We
further exclude glaring outliers (for a total of three market prices of VIX options)
and eliminate SPX (VIX) maturity slices made of less than 6 (3) options quoted.
The final sample is made of a total of 24,279 vanilla options (233 per day), 2,767
VIX options (27 per day), and 792 VIX futures (8 per day). OTM vanilla (VIX
call options) span on average 7 (5) maturity slices, ranging from 1 (4) weeks-to-
maturity to 12 (6) months and from 0.5 (0.4) to 1.4 (3.3) in the moneyness dimen-
sion. The term structure of VIX futures ranges from roughly 7 days to 10 months.

1For example, we eliminate VIX options on the basis of the appropriate parity relations discussed
in Section 2.1.3.

2We consider as liquid a contract, either option or futures, which has both positive Volume and
Open Interests.

3Therefore, OTM calls (puts), either vanilla or VIX options, are options of moneyness > 1 (< 1).
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Vanilla options range in the entire filtered time-frame from one week to the year,
whereas VIX options range from 4 weeks to 6 months.

Summary statistics for S&P500 index options, are presented in Table 1 and
sample characteristics of VIX derivatives are presented in Table 2.

The complementarity of SPX and VIX options markets reflects in the opposite
relative liquidities of calls and puts. Put (call) options on S&P500 (VIX) index
are more heavily traded than calls (puts), accounting for 59% (68%) of the total
observations, with OTM puts (calls) more than double than OTM calls (puts). As
discussed in Section 2.1.3, a possible explanation for this dichotomy is the fact
that both vanilla puts and VIX call options provide insurance from equity market
downturns.

Implied volatilities (IVs) of VIX options are generally higher than those for
SPX options, the latter averaging around 23% (respectively 32%) in the case of
calls (resp. puts) quotes, while the first averaging around 76% (resp. 70%).

The opposite sign of the skewness of S&P500 and VIX distributions, translates
in the opposite slopes of IV skews. They decrease with moneyness for S&P500
options, ranging on average from about 30% to 20% going from ITM to OTM calls
(respectively from about 36% to 21% going from OTM to ITM puts). The opposite
is instead observed in the VIX options market, with average IV skews ranging
from levels of 66% to 82% going from ITM to OTM calls (respectively from levels
of 61% to 85% going from OTM to ITM puts).

Moreover, based on our sample of data, the ATM term structure of S&P500 IVs
does not display a clear trend, ranging roughly between 23% for options of maturi-
ties below 45 days and 26% for those expiring in more than 90 days. Nevertheless,
this is not the case for VIX options, where we observe a downward trend of about
20 volatility points on average (going from approximately an ATM IV of 82% for
options in the nearest maturity bucket, to approximately 60% for options in the
farthest one), a fact compatible with a volatility-of-volatility decreasing with time
to maturity, which is in turn consistent with the mean-reverting nature of volatil-
ity.

Tables 1 and 2 provide further details about the implied volatility surfaces of
the two markets along the moneyness-maturity dimensions.

4.2 Calibration results

For each day in sample, we jointly calibrate each H and H++ model described in
the Section 3.1 to daily SPX and VIX option market surfaces and VIX futures term
structure.
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Joint calibration is performed minimizing for each date in sample the follow-
ing normalized sum of squared relative errors

L =

NSPX∑
i=1

(
IVMKT

i,SPX − IV mdli,SPX

IVMKT
i,SPX

)2

+
NSPX
NFut

NFut∑
j=1

(
FMKT
j − Fmdlj

FMKT
j

)2

+
NSPX
NV IX

NV IX∑
k=1

(
IVMKT

k,V IX − IV mdlk,V IX

IVMKT
k,V IX

)2

(4.1)

where NSPX (NV IX ) are the number of S&P500 (VIX) options quotes observed in
a given date, IVMKT (IV mdl) the corresponding market (model) implied volatil-
ities and FMKT (Fmdl) the market (model) VIX futures prices term structure,
made of NFut points. The use of relative errors is suggested by the different
range of implied volatility values of SPX and VIX options and normalizing factors
NSPX/NV IX and NSPX/NFut adjust for the difference in the number of quotes,
which would otherwise severely penalize the fit of the term structure of VIX fu-
tures. All H and H++ models are nested with respect to the metrics in (4.1).
We compare the pricing performance of each model separately on each market
in terms of the absolute errors

RMSESPX =

√√√√ 1

NSPX

NSPX∑
i=1

(
IVMKT

i,SPX − IV mdli,SPX

)2
RMSEFut =

√√√√ 1

NFut

NFut∑
j=1

(
FMKT
j − Fmdlj

)2 (4.2)

RMSEV IX =

√√√√ 1

NV IX

NV IX∑
k=1

(
IVMKT

k,V IX − IV mdlk,V IX

)2

and relative errors

RMSRESPX =

√√√√ 1

NSPX

NSPX∑
i=1

(
IVMKT

i,SPX − IV mdli,SPX

IVMKT
i,SPX

)2

RMSREFut =

√√√√ 1

NFut

NFut∑
j=1

(
FMKT
j − Fmdlj

FMKT
j

)2

(4.3)

RMSREV IX =

√√√√ 1

NV IX

NV IX∑
k=1

(
IVMKT

k,V IX − IV mdlk,V IX

IVMKT
k,V IX

)2

84



Moreover, we evaluate the overall calibration performance with the aggregate er-
rors

RMSEAll =

√√√√ 1

N

N∑
i

(
QMKT
i −Qmdli

)2
RMSREAll =

√√√√ 1

N

N∑
i

(
QMKT
i −Qmdli

QMKT
i

)2

(4.4)

whereN = NSPX +NFut+NV IX and we have denoted synthetically withQMKT

(Qmdl) the market (model) quotes of the SPX (VIX) implied volatilities IVMKT

(IV mdl) and VIX futures prices FMKT (Fmdl). In RMSEAll definition we have
divided by 100 each VIX futures price F in order to make it comparable with the
implied volatility levels IVSPX and IVV IX .

Figures from 12 to 18 show, in chronological order, the calibration results and
calibrated parameters of the 2-SVCVJ++ and of the nested 2-SVCVJ models for
some selected dates and different market situations.

Figures 14 and 16 provide examples of days in which the VIX futures term
structure displays a hump. These figures show, quite clearly, that taking advan-
tage of the added flexibility provided by the deterministic shift φt in fitting the
term structure of VIX futures, the 2-SVCVJ++ model (solid red line) is able to
calibrate the vanilla and VIX options jointly without particular difficulty. The 2-
SVCVJ model (dashed blue line), missing such a flexibility, cannot reproduce the
prices of the two market even with the high (17) number of parameters employed.
Moreover, the fit of the two surfaces comes at expenses of the fit of the term struc-
ture of VIX futures, where the non-displaced model is not able to reproduce the
hump, with a relative error RMSREFut more than 5 (9) times the corresponding
error of the displaced 2-SVCVJ++ model on July 8 (respectively September 2),
2009, which is remarkably low: 0.21% (resp. 0.42%).

Figures 12 and 18 show two rather common and different market situations.
The first date, March 4, 2009 (respectively the second one, August 11, 2010), dis-
plays a decreasing (resp. roughly increasing) VIX futures term structure. Also in
this case, though with two jump sources, the 2-SVCVJ model has some difficulty
in reproducing adequately the VIX options skew. To make this clear, consider the
term structure of the K = 40 strike in the VIX option surface of figure 18. We
see that the level of the surface goes from the 180 volatility points (vps) at the
nearest maturity of 7 days, to the roughly 60 vps at the longest maturity of 161
days. Nevertheless, the amplitude of the skew, which is of roughly 80 vps at 7
days, is still considerable at the longest maturity (approximately 25 vps). This
phenomenon requires a model which is able to recreate the positive sloping skew
of the VIX implied surface, not only for the shortest maturities, but for the entire
term structure. The increased degrees of freedom introduced by the displacement
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Table 3: Calibration errors (in %). This table reports the sample average (max in sample) of the
Root Mean Squared Error (Panel A) and Root Mean Squared Relative Error (Panel B) of all theH
andH++ models calibrated jointly to S&P500 options, VIX futures and VIX options market data.
The sample period is from January 7, 2009 to December 29, 2010 and the sampling frequency
is weekly (Wednesdays). For each date in sample, the fit is performed minimizing the distance
L in equation 4.1. Here we report the absolute (relative) errors on (S&P500 and VIX options)
implied volatility surfaces RMSESPX and RMSEV IX (RMSRESPX and RMSREV IX ) in
percentage points and errors on the VIX futures term structures in US$. Performance measures
are defined in equations (4.2) to (4.3). Overall pricing errors RMSEAll and RMSREAll are
expressed in percentage points and defined in equation (4.4).

2-SVJ 2-SVJ++ 2-SVCJ 2-SVCJ++ 2-SVVJ 2-SVVJ++ 2-SVCVJ 2-SVCVJ++
Panel A: RMSE

RMSESPX 1.17 0.99 1.04 0.86 0.99 0.77 0.90 0.65
(6.01) (3.75) (4.11) (2.42) (4.28) (3.15) (4.28) (1.64)

RMSEFut 0.70 0.49 0.59 0.34 0.59 0.31 0.53 0.22
(3.49) (1.85) (1.62) (1.32) (1.66) (1.19) (1.50) (1.07)

RMSEV IX 5.73 3.82 4.12 2.45 4.06 2.32 3.39 1.64
(27.91) (17.58) (17.66) (9.03) (15.55) (8.76) (14.70) (4.03)

RMSEAll 2.20 1.56 1.70 1.16 1.64 1.07 1.42 0.82
(8.80) (4.84) (5.44) (3.14) (7.12) (3.97) (4.57) (2.11)

Panel B: RMSRE

RMSRESPX 4.06 3.30 3.55 2.73 3.42 2.51 3.07 2.02
(16.79) (9.29) (10.93) (6.04) (11.31) (8.25) (11.31) (3.95)

RMSREFut 2.32 1.61 2.01 1.13 1.98 1.02 1.81 0.74
(9.11) (5.01) (6.48) (3.73) (6.14) (2.92) (6.13) (2.60)

RMSREV IX 7.38 4.66 5.69 3.12 5.59 2.88 4.78 2.04
(28.32) (16.50) (25.14) (13.11) (23.66) (12.98) (23.56) (4.34)

RMSREAll 4.63 3.51 3.91 2.80 3.77 2.56 3.34 2.01
(15.75) (9.90) (10.54) (6.15) (10.70) (7.94) (10.70) (3.94)

φt help a lot also in these situations, with the 2-SVCVJ++ making a relative error
RMSREV IX of 2.55% (resp. 3.26%) on the backwarding (resp. contango) volatility
market of March 4, 2009 (resp. August 11, 2010), which is almost 3.9 (resp. 3.4)
times lower than the correspondingRMSREV IX made by the undisplaced model
2-SVCVJ.

Tables 3 reports the summary statistics on the root mean squared errors for the
H and H++ models averaged over the three markets. Tables 4 and 5 report the
same summary statistics dissected on the three markets. Table 6 reports average
parameter estimates together with their in-sample standard deviation.

Our results clearly show that the addition of the deterministic shift is cru-
cial for the joint fit of the three markets. The 2-SVCVJ, which is the richer non-
displaced model considered, performs very well on average with a sample mean
relative error of 3.1% on SPX vanilla options, 1.8% on VIX futures and 4.8% on VIX
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Figure 12: Fit results on March 4, 2009. This figure reports market and model implied volatili-
ties for S&P500 (plot at the top) and VIX (plot at the bottom) options, together with the term struc-
ture of VIX futures (plot in the middle) on March 4, 2009 obtained calibrating jointly on the three
markets the 2-SVCVJ (blue dashed line) and 2-SVCVJ++ (red line). Maturities and tenors are ex-
pressed in days and volatilities are in % points and VIX futures settle prices are in US$. Relative
errors 2-SVCVJ++ (2-SVCVJ) model: RMSRESPX = 2.04% (2.74%), RMSREFut = 0.53%
(1.31%), RMSREV IX = 2.55% (9.83%). Absolute errors 2-SVCVJ++ (2-SVCVJ) model:
RMSESPX = 0.95% (1.30%), RMSEFut = 0.20 US$ (0.51 US$), RMSEV IX = 2.74%
(7.62%).
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March 4, 2009 2-SVCVJ 2-SVCVJ++
α1 3.3240 3.0912√
β1 (%) 31.9752 24.0894

Λ1 1.0679 1.1152
ρ1 −0.8431 −0.9690
σ1,0 (%) 42.9752 34.5792

α2 93.7102 43.2533√
β2 (%) 17.1913 25.2210

Λ2 46.1993 8.7081
ρ2 −0.5685 −0.5891
σ2,0 (%) 30.6615 34.8718

λ 0.0012 0.0016
E[cx] −4.3743 −2.2030√
V ar[cx] 0.5652 0.6053

µco,σ 18.6006 68.4667
corr(cx, cσ) 0.8477 −0.8799

λ 0.0051 0.0025
µid,σ 17.3522 57.6487
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Figure 13: Calibrated parameters on March 4, 2009 of 2-SVCVJ and 2-SVCVJ++ models and
Iφ(0, T ) displacement integrals of 2-SVCVJ++ model. Fit results are shown in Figure 12.
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S&P500 Options implied volatility surface
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Figure 14: Fit results on July 8, 2009. This figure reports market and model implied volatilities
for S&P500 (plot at the top) and VIX (plot at the bottom) options, together with the term structure
of VIX futures (plot in the middle) on July 8, 2009 obtained calibrating jointly on the three markets
the 2-SVCVJ (blue dashed line) and 2-SVCVJ++ (red line). Maturities and tenors are expressed
in days and volatilities are in % points and VIX futures settle prices are in US$. Relative errors 2-
SVCVJ++ (2-SVCVJ) model: RMSRESPX = 1.77% (2.29%), RMSREFut = 0.21% (1.11%),
RMSREV IX = 1.89% (2.24%). Absolute errors 2-SVCVJ++ (2-SVCVJ) model: RMSESPX =
0.59% (0.73%), RMSEFut = 0.07 US$ (0.35 US$), RMSEV IX = 1.55% (1.73%).
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July 8, 2009 2-SVCVJ 2-SVCVJ++
α1 2.1364 1.8702√
β1 (%) 10.4533 9.1898

Λ1 0.3900 0.4164
ρ1 −0.8850 −0.9054
σ1,0 (%) 23.0944 22.2989

α2 6.3082 6.5529√
β2 (%) 27.1845 26.7377

Λ2 2.3147 2.4890
ρ2 −0.9194 −0.9265
σ2,0 (%) 12.7423 10.4210

λ 0.4065 0.5185
E[cx] −0.0732 −0.0778√
V ar[cx] 0.1637 0.1577

µco,σ 0.0019 0.0006
corr(cx, cσ) 0.0357 0.0044

λ 0.0009 0.0006
µid,σ 124.5221 147.0826
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Figure 15: Calibrated parameters on July 8, 2009 of 2-SVCVJ and 2-SVCVJ++ models and
Iφ(0, T ) displacement integrals of 2-SVCVJ++ model. Fit results are shown in Figure 14.
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Figure 16: Fit results on September 2, 2009. This figure reports market and model implied
volatilities for S&P500 (plot at the top) and VIX (plot at the bottom) options, together with the
term structure of VIX futures (plot in the middle) on September 2, 2009 obtained calibrating
jointly on the three markets the 2-SVCVJ (blue dashed line) and 2-SVCVJ++ (red line). Ma-
turities and tenors are expressed in days and volatilities are in % points and VIX futures set-
tle prices are in US$. Relative errors 2-SVCVJ++ (2-SVCVJ) model: RMSRESPX = 2.74%
(5.65%), RMSREFut = 0.42% (3.85%), RMSREV IX = 2.31% (6.11%). Absolute errors 2-
SVCVJ++ (2-SVCVJ) model: RMSESPX = 0.91% (1.56%), RMSEFut = 0.13 US$ (1.18
US$), RMSEV IX = 2.01% (4.87%).
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Figure 17: Calibrated parameters on September 2, 2009 of 2-SVCVJ and 2-SVCVJ++ models
and Iφ(0, T ) displacement integrals of 2-SVCVJ++ model. Fit results are shown in Figure 16.
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Figure 18: Fit results on August 11, 2010. This figure reports market and model implied
volatilities for S&P500 (plot at the top) and VIX (plot at the bottom) options, together with
the term structure of VIX futures (plot in the middle) on August 11, 2010 obtained calibrating
jointly on the three markets the 2-SVCVJ (blue dashed line) and 2-SVCVJ++ (red line). Ma-
turities and tenors are expressed in days and volatilities are in % points and VIX futures set-
tle prices are in US$. Relative errors 2-SVCVJ++ (2-SVCVJ) model: RMSRESPX = 2.88%
(5.60%), RMSREFut = 1.17% (2.21%), RMSREV IX = 3.26% (11.03%). Absolute errors
2-SVCVJ++ (2-SVCVJ) model: RMSESPX = 0.86% (1.47%), RMSEFut = 0.35 US$ (0.64
US$), RMSEV IX = 2.76% (8.39%).
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Figure 19: Calibrated parameters on August 11, 2010 of 2-SVCVJ and 2-SVCVJ++ models and
Iφ(0, T ) displacement integrals of 2-SVCVJ++ model. Fit results are shown in Figure 18.
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Table 4: Calibration RMSE (in %) on VIX futures by Tenor category. This table reports the
sample average of the Root Mean Squared Relative Error for different Tenor categories of futures
on VIX for all the H (Panel A) and H++ (Panel B) models. Refer to main text and Table 3 for
calibration details. Here we report the relative errors on VIX futures term structuresRMSEFut,
as defined in the second of (4.3), conditioned to the Tenor category considered, measured in days.
Errors are expressed in percentage points and the sample average is weighted by the number of
daily observations in each tenor category. Overall errors are reported in Table 3.

Tenor (days)
Panel A:Hmodels Panel B:H+ + models
< 45 45− 90 > 90 < 45 45− 90 > 90

2-SVJ 0.39 0.25 1.49 2-SVJ++ 0.29 0.17 1.04
2-SVCJ 0.38 0.24 1.19 2-SVCJ++ 0.19 0.13 0.70
2-SVVJ 0.36 0.22 1.22 2-SVVJ++ 0.17 0.13 0.64
2-SVCVJ 0.35 0.21 1.07 2-SVCVJ++ 0.12 0.13 0.44
Observations Observations (% of TOT = 792)

144 144 504 18.18 18.18 63.64

options, as, shown in 3 (Panel A, 7th column). Nevertheless, as shown in Figures
14 and 16, it often fails in reproducing a humped VIX futures term structure and,
as confirmed by Table 4 (Panel A), it tends to perform poorly at longer tenors.
Moreover, as shown by Figures 12 and 18, the change of the slope of call options
on VIX observed at low strikes and the skew term-structure is sometimes hardly
fitted and, as confirmed by Table 5 (Panel C), pricing errors tends to concentrate
at low values of moneyness and at intermediate maturities.

As shown in Table 5 (Panel A), the calibration error on vanilla options on
S&P500 is remarkably low and tends to increase, in absolute terms, at short and
long maturities and at higher strikes.

With the simple introduction of the displacement φt, which is costless from
a computational perspective, the overall errors of 2-SVCVJ model, mentioned
above, collapse to the 2-SVCVJ++ model errors: 2.0%, 0.7%, and 2.0% (respec-
tively on SPX vanilla, VIX futures and VIX options), which is roughly half of
the average relative error without the extension (see Table 3, Panel A, last two
columns). It is particularly striking that the maximum error in this case becomes
3.9%, 2.6% and 4.3%, which is comparable with the average error obtained with-
out displacement (on VIX options, the maximum error with displacement is less
than the average error without displacement). From Table 3, the mean (maximum)
overall relative pricing errorRMSREAll is 3.34% (10.70%) for the 2-SVCVJ model
and 2.01% (3.94%) for the displaced 2-SVCVJ++ model.

From Table 6, calibrated parameters are overall in line with typical values
found in the literature (Bates, 2000; Christoffersen et al., 2009; Duffie et al., 2000)
for two-factor stochastic volatility models. We observe a fast mean-reverting fac-
tor σ2

2,t, coupled with a slow factor σ2
1,t. Considering the 2-SVCVJ++ model, the

fast (respectively slow) factor shows a half-life log(2)/α of approximately 5 weeks
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Table 5: Calibration RMSE (in %) on SPX and VIX options by Moneyness - Maturity category.
This table reports the sample average of the Root Mean Squared Relative Error for different
Moneyness and time-to-Maturity categories of options on SPX (respectively VIX) for all the H
models in Panel A (resp. C) and H++ models in Panel B (resp. D). Refer to main text and Table
3 for calibration details. Here we report the relative errors on VIX implied volatility surfaces
RMSEV IX , as defined in the third of (4.3), conditioned to the Moneyness - Maturity category
considered. Time to Maturity is measured in days and Moneyness for an option of maturity T is
defined as the ratio of the option exercise price to the current index level for S&P500 optionts
and of the exercise price to the current VIX futures price expiring at T for VIX options. For each
category, errors are expressed in percentage points and the sample average is weighted by the
number of daily observations in each category.

Maturity Moneyness of SPX options
Panel A:Hmodels Panel B:H + + models
< 0.95 0.95 − 1.05 > 1.05 All < 0.95 0.95 − 1.05 > 1.05 All

< 45 Days
2-SVJ 3.92 4.59 5.21 4.57 2-SVJ++ 3.31 3.07 3.96 3.51
2-SVCJ 3.69 3.99 4.63 4.12 2-SVCJ++ 2.98 2.62 3.36 3.04
2-SVVJ 3.33 4.04 4.67 3.95 2-SVVJ++ 2.54 2.45 3.50 2.78
2-SVCVJ 3.00 3.68 4.34 3.60 2-SVCVJ++ 2.23 2.12 3.06 2.42

45 − 90 Days
2-SVJ 2.42 2.16 3.21 2.71 2-SVJ++ 2.17 1.75 2.50 2.26
2-SVCJ 2.11 1.84 2.64 2.31 2-SVCJ++ 1.98 1.24 1.96 1.90
2-SVVJ 2.02 1.83 2.70 2.25 2-SVVJ++ 1.73 1.27 2.13 1.81
2-SVCVJ 1.88 1.68 2.27 2.01 2-SVCVJ++ 1.62 0.90 1.64 1.53

> 90 Days
2-SVJ 2.61 3.99 6.39 4.40 2-SVJ++ 2.51 3.54 5.20 3.80
2-SVCJ 2.42 3.50 5.34 3.82 2-SVCJ++ 2.28 2.67 3.89 3.02
2-SVVJ 2.14 3.43 5.30 3.66 2-SVVJ++ 1.92 2.50 3.66 2.73
2-SVCVJ 2.11 3.16 4.48 3.27 2-SVCVJ++ 1.65 1.43 2.40 1.93

All Days
2-SVJ 3.21 3.91 5.22 2-SVJ++ 2.81 2.98 4.16
2-SVCJ 2.96 3.37 4.40 2-SVCJ++ 2.54 2.39 3.25
2-SVVJ 2.69 3.41 4.40 2-SVVJ++ 2.18 2.24 3.22
2-SVCVJ 2.49 3.10 3.83 2-SVCVJ++ 1.93 1.67 2.40

Observations Observations (% of TOT)
< 45 Days 4232 2642 1373 8247 < 45 Days 17.43 10.88 5.66 33.97

45 − 90 Days 4704 2368 2292 9364 45 − 90 Days 19.37 9.75 9.44 38.57
> 90 Days 3369 1418 1881 6668 > 90 Days 13.88 5.84 7.75 27.46

All Days 12305 6428 5546 24279 All Days 50.68 26.48 22.84 100.00

Maturity Moneyness of VIX options
Panel C:Hmodels Panel D:H + + models
< 0.95 0.95 − 1.05 > 1.05 All < 0.95 0.95 − 1.05 > 1.05 All

< 45 Days
2-SVJ 10.66 9.50 7.54 9.13 2-SVJ++ 4.95 6.73 5.43 5.88
2-SVCJ 7.59 5.74 4.47 5.92 2-SVCJ++ 2.79 3.77 3.07 3.25
2-SVVJ 8.45 6.54 4.30 6.25 2-SVVJ++ 2.23 3.31 3.29 3.24
2-SVCVJ 6.20 4.95 3.32 4.67 2-SVCVJ++ 1.61 2.27 1.98 2.08

45 − 90 Days
2-SVJ 11.10 6.60 4.71 7.46 2-SVJ++ 4.99 5.00 3.51 4.37
2-SVCJ 9.32 4.51 3.93 6.25 2-SVCJ++ 2.88 2.72 2.96 3.11
2-SVVJ 9.02 4.56 3.54 5.79 2-SVVJ++ 2.43 2.70 2.66 2.77
2-SVCVJ 8.31 3.60 3.01 5.19 2-SVCVJ++ 1.80 1.89 2.08 2.11

> 90 Days
2-SVJ 8.89 4.50 4.26 6.07 2-SVJ++ 3.64 3.03 3.31 3.53
2-SVCJ 7.61 3.86 3.54 5.15 2-SVCJ++ 2.72 2.55 2.65 2.78
2-SVVJ 7.70 3.67 3.10 4.96 2-SVVJ++ 2.33 2.40 2.45 2.52
2-SVCVJ 7.25 3.66 2.99 4.73 2-SVCVJ++ 1.64 2.13 2.01 2.00

All Days
2-SVJ 10.78 6.83 5.45 2-SVJ++ 4.82 4.67 4.11
2-SVCJ 8.88 4.87 4.03 2-SVCJ++ 3.09 3.06 2.96
2-SVVJ 8.93 4.94 3.64 2-SVVJ++ 2.53 2.85 2.82
2-SVCVJ 8.02 4.31 3.20 2-SVCVJ++ 1.81 2.26 2.10

Observations Observations (% of TOT)
< 45 Days 135 59 390 584 < 45 Days 4.88 2.13 14.09 21.11

45 − 90 Days 190 57 477 724 45 − 90 Days 6.87 2.06 17.24 26.17
> 90 Days 384 137 938 1459 > 90 Days 13.88 4.95 33.90 52.73

All Days 709 253 1805 2767 All Days 25.62 9.14 65.23 100.00
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Table 6: Calibrated parameters. This table reports the sample median (median absolute devi-
ation) of joint SPX, VIX futures and VIX options calibrated parameters for all the H and H++
models considered in the empirical analysis. The sample period is from January 7, 2009 to
December 29, 2010 and the sampling frequency is weekly (Wednesdays). Panel A (B) reports
1st (2nd) volatility factor diffusive parameters. Panel C reports intensity and unconditional
mean and standard deviation of normal jumps in price, where E[cx] = µx and V ar[cx] = δ2

x

under 2-SVJ, 2-SVVJ models (respectively µx + ρJµco,σ and δ2
x + ρ2

Jµ
2
co,σ under 2-SVCJ,

2-SVCVJ) and analogously under the corresponding displaced specifications. Panel D re-
ports the correlated co-jumps parameters. The unconditional correlation between jump sizes
is corr(cx, cσ) = ρJµco,σ/

√
V ar[cx] under models 2-SVCJ, 2-SVCVJ and corresponding dis-

placed specifications. Panel E reports the idiosyncratic jumps parameters.

2-SVJ 2-SVJ++ 2-SVCJ 2-SVCJ++ 2-SVVJ 2-SVVJ++ 2-SVCVJ 2-SVCVJ++
Panel A: 1st Factor
α1 2.714 2.444 2.262 2.097 2.140 2.084 1.967 1.676

(1.564) (1.544) (1.347) (1.150) (1.279) (1.310) (1.334) (1.070)√
β1 (%) 21.419 20.878 19.157 19.275 20.399 20.353 17.819 18.219

(5.460) (5.629) (6.282) (6.300) (8.181) (7.495) (9.162) (6.079)
Λ1 0.637 0.554 0.481 0.491 0.433 0.492 0.445 0.504

(0.341) (0.225) (0.227) (0.159) (0.204) (0.173) (0.219) (0.115)
ρ1 −0.871 −0.884 −0.876 −0.891 −0.879 −0.891 −0.865 −0.964

(0.122) (0.105) (0.121) (0.095) (0.117) (0.102) (0.121) (0.036)
σ1,0 (%) 16.679 16.691 16.977 16.484 16.307 16.047 16.250 16.376

(6.885) (5.927) (4.845) (4.615) (4.349) (4.850) (4.677) (4.837)

Panel B: 2nd Factor
α2 7.740 6.583 8.058 6.998 8.240 7.346 8.451 6.488

(3.005) (2.035) (3.190) (2.577) (4.221) (3.458) (3.420) (2.477)√
β2 (%) 20.642 20.795 21.658 21.536 22.181 21.084 22.950 21.531

(2.707) (2.602) (3.401) (2.826) (4.456) (4.258) (4.308) (3.158)
Λ2 2.207 2.194 2.196 2.219 1.992 2.156 2.050 2.115

(1.036) (0.615) (0.870) (0.728) (0.778) (0.606) (0.738) (0.576)
ρ2 −0.939 −0.997 −0.996 −1.000 −0.995 −1.000 −0.997 −1.000

(0.061) (0.003) (0.004) (0.000) (0.005) (0.000) (0.003) (0.000)
σ2,0 (%) 10.085 7.461 9.024 8.387 7.895 7.634 8.683 7.984

(6.680) (5.627) (6.912) (6.050) (5.583) (4.176) (6.309) (4.640)

Panel C: Price jumps
λ 0.038 0.040 0.040 0.045 0.041 0.079 0.079 0.064

(0.035) (0.037) (0.034) (0.040) (0.038) (0.061) (0.053) (0.055)
E[cx] −0.377 −0.362 −0.398 −0.371 −0.265 −0.262 −0.240 −0.280

(0.281) (0.256) (0.257) (0.227) (0.189) (0.176) (0.151) (0.183)√
V ar[cx] 0.520 0.512 0.554 0.521 0.269 0.245 0.318 0.413

(0.291) (0.282) (0.347) (0.335) (0.184) (0.151) (0.215) (0.255)

Panel D: CO-jumps
µco,σ - - 0.153 0.090 - - 0.039 0.065

- - (0.153) (0.090) - - (0.039) (0.065)
corr(cx, cσ) - - −0.428 −0.341 - - −0.363 −0.520

- - (0.428) (0.346) - - (0.366) (0.458)

Panel E: Idiosyncratic jumps
λ′ - - - - 0.003 0.002 0.002 0.013

- - - - (0.003) (0.002) (0.002) (0.012)
µid,σ - - - - 5.510 10.091 1.213 0.052

- - - - (5.500) (10.084) (1.213) (0.052)
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Figure 20: Relative error distribution. This figure reports the relative pricing error for all
calibrated H and H + + models, computed for each of the 24279 S&P500 implied volatilities,
each of the 792 VIX Futures settle prices, and each of the 2767 VIX implied volatilities distributed
along the 104 Wednesdays in the sample period, from January 7, 2009 to December 29, 2010.
Refer to main text and Table 3 for calibration details. In Panel A (B) we plot the error distribution
of H (H++) models on SPX implied volatilities. In Panel C (D) we plot the error distribution of
H (H++) models on VIX Futures settle prices. In Panel E (F) we plot the error distribution of H
(H++) models on VIX implied volatilities. All errors are expressed in percentage points.
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Figure 21: Relative error distribution with Feller condition imposed. This figure reports the
relative pricing error for all calibrated H and H + + models, as in figure 20, but with the Feller
condition 2αiβi ≥ Λ2

i imposed on both stochastic volatility factors (σ2
i,t i = 1, 2). Refer to

Section 4.2.2 and Table 8 for calibration details. All errors are expressed in percentage points.
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(resp. 5 months) and contributes with roughly 18 vps4 (resp. 22 vps) to the long-
term volatility level

√
β. The low values of jump-intensities confirm that jumps are

rare events. The average number of jumps per year 252 × λ is estimated around
16 for co-jumps and less (approximately 3) in the case of idiosyncratic jumps. These
numbers are respectively slightly above5 (resp. below) the 8/9 (resp. 13) per an-
num estimated by Bandi and Renò, 2015 with an extensive econometric analysis.
Co-jumps (respectively idiosyncratic jumps) contribute to an increase of approx-
imately 5% (resp. 2%) of the long-term volatility level, which is approximately
evaluated as

√
λµco,σ/α1 (resp.

√
λ′µid,σ/α1) for the case of co-jumps (resp. id-

iosyncratic jumps).
Figure 20 shows, visually, the distribution of relative signed pricing errors

QMKT
i −Qmdli

QMKT
i

(4.5)

with Qi definitions depending on the considered market (as described for equa-
tion 4.4), on all the 24, 279 S&P500 options, 2, 767 VIX options and 792 VIX Fu-
tures implied volatilities observed in the 104 days considered in the sample. The
advantage of the extension over the traditional specification is large and clearly
displayed. If the 2-SVCVJ model is used for consistent calibration of the three
markets, the 10.7% (1.8%) of S&P500 options implied volatilities (respectively the
2.8% (0.3%) of VIX futures settle prices and 21.4% (6.2%) of VIX options implied
volatilies) are priced with a relative error greater than 5% (10%).

The displacement increases remarkably the pricing performance, especially
in reproducing the term structure of VIX futures and the VIX implied volatility
surface. Indeed, when the 2-SVCVJ++ model is used, only the 3.3% (0.4%) of
S&P500 options implied volatilities (respectively the 0.1% (0.0%) of VIX futures
settle prices and 3.5% (0.1%) of VIX options implied volatilities) are priced with a
relative error greater than 5% (10%).

4.2.1 Impact of the short-term

Using vanilla options data on DAX, EuroStoxx50 and FTSE indexes, Da Fon-
seca and Grasselli (2011) analyze the theoretical properties and calibration perfor-
mance of several competitive option pricing models, focusing on the SV Heston
(1993) model, the 2-SV Christoffersen et al. (2009) model and both single asset
and multi-asset Wishart specifications: the Wishart Multidimensional Stochasti
Volatility model (WMSV hereafter, introduced by Da Fonseca et al. (2008)) and
the Wishart Affine Stochastic Correlation model (WASC hereafter, introduced by

4Volatility points.
5But inside the 95% confidence interval.
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Figure 22: Impact of the short-term: fit results on March 4, 2009. This figure reports market
and model implied volatilities for S&P500 (plot at the top) and VIX (plot at the bottom) options,
together with the term structure of VIX futures (plot in the middle) on March 4, 2009 obtained
calibrating jointly on the three markets the 2-SVCVJ (blue dashed line) and 2-SVCVJ++ (red
dashed line). Maturities and tenors are expressed in days and volatilities are in % points and
VIX futures settle prices are in US$. Superimposed (continuous lines) is the corresponding fit
obtained with same models but excluding from the calibrating sample all contracts with maturity
below 3 weeks.
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March 4, 2009 2-SVCVJ 2-SVCVJ++
minimum term 1 week 3 weeks 1 week 3 weeks
α1 3.3240 4.5873 3.0912 3.2527√
β1 (%) 31.9752 31.1138 24.0894 26.4659

Λ1 1.0679 1.1687 1.1152 1.0705
ρ1 −0.8431 −0.7720 −0.9690 −0.9601
σ1,0 (%) 42.9752 44.0075 34.5792 33.7362

α2 93.7102 76.7253 43.2533 36.0825√
β2 (%) 17.1913 18.0654 25.2210 25.2725

Λ2 46.1993 44.2530 8.7081 10.4823
ρ2 −0.5685 −0.7326 −0.5891 −0.6765
σ1,0 (%) 30.6615 24.4879 34.8718 34.1177

λ 0.0012 0.0013 0.0016 0.0015
E[cx] −4.3743 −5.9784 −2.2030 −0.9576√
V ar[cx] 0.5652 2.6655 0.6053 0.4291

µco,σ 18.6006 23.7498 68.4667 62.3184
corr(cx, cσ) 0.8477 −0.7592 −0.8799 −0.8443

λ′ 0.0051 0.0068 0.0025 0.0015
µid,σ 17.3522 17.4651 57.6487 56.0874
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Figure 23: Impact of the short-term: calibrated parameters on March 4, 2009 of 2-SVCVJ and
2-SVCVJ++ models and Iφ(0, T ) displacement integrals of 2-SVCVJ++ model: dashed (respec-
tively continuous) line if short-term contracts are (resp. are not) included. Fit results are shown
in Figure 22.
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Figure 24: Impact of the short-term: fit results on July 8, 2009. This figure reports market
and model implied volatilities for S&P500 (plot at the top) and VIX (plot at the bottom) options,
together with the term structure of VIX futures (plot in the middle) on March 4, 2009 obtained
calibrating jointly on the three markets the 2-SVCVJ (blue dashed line) and 2-SVCVJ++ (red
dashed line). Maturities and tenors are expressed in days and volatilities are in % points and
VIX futures settle prices are in US$. Superimposed (continuous lines) is the corresponding fit
obtained with same models but excluding from the calibrating sample all contracts with maturity
below 3 weeks.
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July 8, 2009 2-SVCVJ 2-SVCVJ++
minimum term 1 week 3 weeks 1 week 3 weeks
α1 2.1364 1.9274 1.8702 1.8702√
β1 (%) 10.4533 7.7945 9.1898 9.1898

Λ1 0.3900 0.3741 0.4164 0.4164
ρ1 −0.8850 −0.8886 −0.9054 −0.9054
σ1,0 (%) 23.0944 22.8217 22.2989 22.2989

α2 6.3082 7.2736 6.5529 6.5529√
β2 (%) 27.1845 27.4401 26.7377 26.7377

Λ2 2.3147 2.5024 2.4890 2.4890
ρ2 −0.9194 −0.8755 −0.9265 −0.9265
σ1,0 (%) 12.7423 10.4250 10.4210 10.4210

λ 0.4065 0.3682 0.5185 0.5185
E[cx] −0.0732 −0.0902 −0.0778 −0.0778√
V ar[cx] 0.1637 0.1662 0.1577 0.1577

µco,σ 0.0019 0.0001 0.0006 0.0006
corr(cx, cσ) 0.0357 0.3155 0.0044 0.0044

λ′ 0.0009 0.0009 0.0006 0.5185
µid,σ 124.5221 109.0204 147.0826 147.0826
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Figure 25: Impact of the short-term: calibrated parameters on July 8, 2009 of 2-SVCVJ and
2-SVCVJ++ models and Iφ(0, T ) displacement integrals of 2-SVCVJ++ model: dashed (respec-
tively continuous) line if short-term contracts are (resp. are not) included. Fit results are shown
in Figure 24.
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S&P500 Options implied volatility surface
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Figure 26: Impact of the short-term: fit results on September 2, 2009. This figure reports
market and model implied volatilities for S&P500 (plot at the top) and VIX (plot at the bottom)
options, together with the term structure of VIX futures (plot in the middle) on March 4, 2009
obtained calibrating jointly on the three markets the 2-SVCVJ (blue dashed line) and 2-SVCVJ++
(red dashed line). Maturities and tenors are expressed in days and volatilities are in % points and
VIX futures settle prices are in US$. Superimposed (continuous lines) is the corresponding fit
obtained with same models but excluding from the calibrating sample all contracts with maturity
below 3 weeks.
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September 2, 2009 2-SVCVJ 2-SVCVJ++
minimum term 1 week 3 weeks 1 week 3 weeks

α1 11.7166 11.7166 0.8281 1.0315√
β1 (%) 23.3745 23.3752 1.3579 1.5546

Λ1 2.7121 2.7121 0.3948 0.3961
ρ1 −0.5227 −0.5227 −0.9446 −0.8938
σ1,0 (%) 0.0000 0.1068 21.4092 22.2138

α2 2.5723 2.5723 8.5742 8.3877√
β2 (%) 0.0336 0.0336 23.5188 23.6298

Λ2 0.4933 0.4933 2.6570 2.6278
ρ2 −1.0000 −1.0000 −0.7593 −0.8246
σ1,0 (%) 25.2973 25.2983 7.4480 6.7962

λ 0.0080 0.0080 0.0384 0.0374
E[cx] −2.3407 −2.3407 −0.5350 −0.4986√
V ar[cx] 0.4612 0.4612 0.6800 0.6866

µco,σ 10.1579 10.1579 0.0002 0.0002
corr(cx, cσ) −0.9971 −0.9971 0.0851 0.0723

λ′ 0.0000 0.0000 0.0243 0.0374
µid,σ 1.0000 1.0000 0.0001 0.0001
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Figure 27: Impact of the short-term: calibrated parameters on September 2, 2009 of 2-SVCVJ
and 2-SVCVJ++ models and Iφ(0, T ) displacement integrals of 2-SVCVJ++ model: dashed (re-
spectively continuous) line if short-term contracts are (resp. are not) included. Fit results are
shown in Figure 24.
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S&P500 Options implied volatility surface
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Figure 28: Impact of the short-term: fit results on August 11, 2010. This figure reports market
and model implied volatilities for S&P500 (plot at the top) and VIX (plot at the bottom) options,
together with the term structure of VIX futures (plot in the middle) on March 4, 2009 obtained
calibrating jointly on the three markets the 2-SVCVJ (blue dashed line) and 2-SVCVJ++ (red
dashed line). Maturities and tenors are expressed in days and volatilities are in % points and
VIX futures settle prices are in US$. Superimposed (continuous lines) is the corresponding fit
obtained with same models but excluding from the calibrating sample all contracts with maturity
below 3 weeks.
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Augugst 11, 2010 2-SVCVJ 2-SVCVJ++
minimum term 1 week 3 weeks 1 week 3 weeks
α1 0.0369 0.0190 0.1349 0.1349√
β1 (%) 13.8529 29.0256 44.9580 44.9580

Λ1 0.3882 0.4012 0.5256 0.5256
ρ1 −0.6825 −0.6891 −0.9648 −0.9648
σ1,0 (%) 16.4115 16.6534 16.4905 16.4905

α2 12.0826 13.0322 15.1604 15.1604√
β2 (%) 26.8442 26.6842 22.7877 22.7877

Λ2 2.4498 2.6060 3.6664 3.6664
ρ2 −0.9913 −0.9913 −1.0000 −1.0000
σ1,0 (%) 4.3691 0.4348 7.4445 7.4445

λ 0.0444 0.0107 0.0013 0.0013
E[cx] −0.2200 −0.2258 −1.1115 −1.1115√
V ar[cx] 0.0270 0.1759 1.9305 1.9305

µco,σ 0.0003 0.0968 36.4290 36.4290
corr(cx, cσ) −0.9993 0.8893 −0.7037 −0.7037

λ′ 0.0010 0.0011 36.7457 0.0013
µid,σ 171.2908 161.2064 0.0000 0.0000
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Figure 29: Impact of the short-term: calibrated parameters on August 11, 2010 of 2-SVCVJ
and 2-SVCVJ++ models and Iφ(0, T ) displacement integrals of 2-SVCVJ++ model: dashed (re-
spectively continuous) line if short-term contracts are (resp. are not) included. Fit results are
shown in Figure 24.
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Table 7: Impact of the short term: calibrated parameters. This table reports the sample median
(median absolute deviation) of joint SPX, VIX futures and VIX options calibrated parameters for
the 2-SVCVJ and 2-SVCVJ++ models considered in the empirical analysis. The columns cor-
responding to the minimum term of 1 week are the last two columns of Table 6 and the others
report the calibrated parameters of the same models calibrated excluding short-term contracts
(less than 3 weeks to expiration) from the calibration sample. The sample period is from Jan-
uary 7, 2009 to December 29, 2010 and the sampling frequency is weekly (Wednesdays). Panel
A (B) reports 1st (2nd) volatility factor diffusive parameters. Panel C reports intensity and un-
conditional mean and standard deviation of normal jumps in price, where E[cx] = µx and
V ar[cx] = δ2

x under 2-SVJ, 2-SVVJ models (respectively µx + ρJµco,σ and δ2
x + ρ2

Jµ
2
co,σ under

2-SVCJ, 2-SVCVJ) and analogously under the corresponding displaced specifications. Panel D
reports the correlated co-jumps parameters. The unconditional correlation between jump sizes
is corr(cx, cσ) = ρJµco,σ/

√
V ar[cx] under models 2-SVCJ, 2-SVCVJ and corresponding dis-

placed specifications. Panel E reports the idiosyncratic jumps parameters.

2-SVCVJ 2-SVCVJ++
minimum term 1 week 3 weeks 1 week 3 weeks
Panel A: 1st Factor
α1 1.9674 1.9705 1.6757 1.6774

(1.3339) (1.3713) (1.0702) (0.9609)√
β1 (%) 17.8186 17.8029 18.2188 18.8151

(9.1623) (9.5317) (6.0793) (6.8431)
Λ1 0.4445 0.4443 0.5040 0.4977

(0.2186) (0.2163) (0.1151) (0.1150)
ρ1 −0.8651 −0.8681 −0.9641 −0.9616

(0.1208) (0.1269) (0.0359) (0.0384)
σ1,0 (%) 16.2501 16.3388 16.3763 16.1583

(4.6771) (4.7309) (4.8365) (4.7190)

Panel B: 2nd Factor
α2 8.4510 8.3306 6.4882 6.4963

(3.4202) (3.2965) (2.4770) (2.3888)√
β2 (%) 22.9496 22.8742 21.5312 21.5067

(4.3081) (4.3159) (3.1581) (3.1416)
Λ2 2.0495 2.0237 2.1152 2.0869

(0.7383) (0.6456) (0.5764) (0.5803)
ρ2 −0.9972 −0.9967 −1.0000 −1.0000

(0.0028) (0.0033) (0.0000) (0.0000)
σ1,0 (%) 8.6832 8.7519 7.9841 8.3909

(6.3088) (6.7075) (4.6395) (4.5115)

Panel C: Price jumps
λ 0.0791 0.0759 0.0644 0.0658

(0.0532) (0.0524) (0.0546) (0.0542)
E[cx] −0.2404 −0.2449 −0.2795 −0.2728

(0.1508) (0.1497) (0.1834) (0.1797)√
V ar[cx] 0.3176 0.3152 0.4135 0.3889

(0.2155) (0.2162) (0.2546) (0.2291)

Panel D: CO-jumps
µco,σ 0.0393 0.0578 0.0650 0.0600

(0.0393) (0.0578) (0.0650) (0.0600)
corr(cx, cσ) −0.3633 −0.5991 −0.5202 −0.5490

(0.3660) (0.4009) (0.4578) (0.4458)

Panel E: Idiosyncratic jumps
λ′ 0.0021 0.0023 0.0125 0.0111

(0.0021) (0.0023) (0.0123) (0.0110)
µid,σ 1.2128 1.1341 0.0515 0.0211

(1.2126) (1.1340) (0.0515) (0.0211)
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Da Fonseca et al. (2007)). We refer to Bru (1991) for a theoretical introduction to
Wishart processes and to Gourieroux and Sufana (2004, 2010); Gruber et al. (2010);
Leippold and Trojani (2008) for their application to derivative pricing. Da Fon-
seca and Grasselli (2011) analyze the different structural properties of the SV, 2-
SV and WMSV models6 in terms of the degrees of freedom relevant in describing
the empirical features of the vanilla options surface and the model reaction to its
changes (level and skew risks). As a setup for the comparison of the different
models, they consider the model implied leverage correlation7 and compare the
short-term volatility-of-volatility expansions of the call price and implied volatil-
ity (Lewis, 2000), providing clear relations between the model implied skew and
the parameters. Their analysis in particular confirms that multi factor models are
needed to replicate a stochastic skew, as it is usually observed in market data. Fur-
thermore, the WMSV model features and additional degree of freedom8 w.r.t. the
2-SV model, which directly affects the skew of the surface, though it leaves un-
altered the level of the surface. Our analysis, conducted calibrating multi-factor
jump-diffusion models on vanilla, VIX futures and VIX options data, qualitatively
confirms their calibration results for the 2-SV model, which can be obtained from
our SVCVJ model switching off jumps (as detailed in Section 3.1.2). In particular,
as detailed in Table 6 and reported on a daily basis in Figures from 13 to 19, we
can see a two-regime property in our 2-factor models, with a fast factor, associated
with the short-term smile, featuring a high volatility of volatility9. Nevertheless,
our calibrated risk-neutral dynamics for the fast factor often degenerates to perfect
anti-correlation. Interestingly, authors observe that the addition of jumps would
lead to a lack of sensitivity of the skew term structure of the vanilla surface w.r.t.
correlation parameters ρ1 and ρ2. In our setting, the instantaneous leverage corre-
lation of the simplest displaced model that we consider in this thesis (the 2-SVJ++
model)

corr

(
dSt
St−

, d(σ2
1,t + σ2

2,t)

)
=

ρ1Λ1σ
2
1,t + ρ2Λ2σ

2
2,t√

σ2
1,t + σ2

2,t + λ(δ2
x + µ2

x) + φt

√
Λ1σ2

1,t + Λ2σ2
2,t

dt

(4.6)
would suggest that this could be the case, as part of the skew is jump-induced.
It is therefore interesting to test whether this observation can be extended to the
present analysis in which three distinct market data sources are used to calibrate
the models and if the presence of the displacement has an impact. We therefore

6In the present analysis we consider only the single-asset case of the analysis in Da Fonseca and
Grasselli (2011).

7Which is the correlation between asset returns and the stochastic volatility. This quantity mainly
drives the slope of the implied volatility surface (the skew), as it is clearly related to the skewness of
returns distribution.

8The, possibly more than one, non-diagonal elements of the Σ state matrix.
9Which is in turns compatible with a more convex short-term smile of vanilla options.
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get inspiration from their Section 2 and compare the calibration already performed
with a new one in which all contracts with expirations less than 3 weeks are ex-
cluded. This analysis has been carried on for the 2-SVCVJ and 2-SVCVJ++ mod-
els and calibration results, as well as calibrated parameters (compared with those
obtained including the short-term contracts) are displayed in Figures from 22 to
29 for the same days displayed before.

At least to the extent of the present analysis, from Table 7 and for the 4 days
displayed,10 we cannot see any evident difference, in terms of calibrated param-
eters (neither of the undisplaced, nor of the displaced models), as a consequence
of the exclusion of the short term contracts. In particular, we can still see a clear
two-regime property of the 2-factor calibrated models. We argue that this is in line
with the value added by VIX derivatives on the specification of the model. Even
if the addition of jumps introduces a mixing effect between the role of the corre-
lation parameters and jump parameters, which would make less clear the effect
of the previous on the skew of the vanilla surface (as the leverage correlation de-
pends also on jumps), the introduction of volatility derivatives in the calibration
sample helps to identify the latter (and in turns preserving the specification of the
former): positive jumps in volatility, which we model partly correlated with those
in price and partly idiosyncratic, mainly contribute to enhance the right skewness
of the volatility distribution (which translates into the positive slopes of the VIX
options surface).

4.2.2 Analysis with Feller condition imposed

As customary in the empirical S&P500 and VIX options pricing literature (Bard-
gett et al., 2013; Branger et al., 2014; Chen and Poon, 2013), a Feller condition
is usually imposed on the volatility factors dynamics which restricts the mutual
range of variability of drift and vol-of-vol parameters. The analysis of the preced-
ing Section has been carried on without imposing such condition. As discussed
in Pacati et al. (2015a), assuming a logarithmic generating process for volatility -
which is increasingly found to provide an accurate description of the true volatil-
ity dynamics (Andersen et al., 2002; Bandi and Renò, 2015) - a square root diffu-
sion which approximates the statistical properties of the generating process vio-
lates the Feller condition. To empirically assess the impact of the Feller condition
on the present analysis, we have repeated the same calibration of the previous
Section imposing

ν =
2αiβi

Λ2
i

≥ 1 i = 1, 2 (4.7)

10The whole handbook with fit and calibrated paramters for both the complete analysis and this
new analysis is available upon request.
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Figure 30: Impact of the Feller condition. This figure reports market and model implied
volatilities for S&P500 (plot at the top) and VIX (plot at the bottom) options, together with
the term structure of VIX futures (plot in the middle) on June 06, 2010 obtained calibrating
jointly on the three markets the 2-SVCVJ++ model with Feller condition imposed (blue line)
2αiβi ≥ Λ2

i on both stochastic volatility factors (σ2
i,t i = 1, 2) and with NO Feller condition im-

posed (red line). Maturities and tenors are expressed in days and volatilities are in % points and
VIX futures settle prices are in US$. Relative errors without (with) Feller condition imposed:
RMSRESPX = 2.62% (7.81%), RMSREFut = 0.80% (1.84%), RMSREV IX = 2.18%
(9.77%). Absolute errors without (with) Feller condition imposed: RMSESPX = 0.94%
(2.33%), RMSEFut = 0.25 US$ (0.58 US$), RMSEV IX = 2.47% (10.78%).
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separately on each volatility factor, as discussed in (Andersen and Piterbarg, 2007;
Duffie and Kan, 1996). Overall, the H and H++, with or without Feller condition
imposed (which, considering the positivity of drift and vol-of-vol parameters, cor-
responds respectively to the conditions ν ≥ 1 and ν > 0), satisfy the following
consistency conditions with respect to the metric induced by the loss function L
of equation (4.1). In words:

1. eachH++ model is better than the correspondingHmodel;

2. eachH orH++ model with ν > 0 is better than the same model with ν ≥ 1.

Table 8 (which corresponds to Table 3) reports the summary statistics on the root
mean squared errors for theH andH++ models averaged over the three markets,
while Tables 9 and 11 , report the same summary statistics dissected on the three
markets (Tables 9 and 11 are the analogous of Tables 4 and 5, respectively).

Figure 21 shows visually the distribution of the signed relative errors in equa-
tion (4.5) when the calibrations are performed imposing the Feller condition.
Considering the 2-SVCVJ++ model, the 17.9% (4.7%) of S&P500 options implied
volatilities (respectively the 1.9% (0.1%) of VIX futures settle prices and 26.0%
(5.8%) of VIX options implied volatilies) are priced with a relative error greater
than 5% (10%), which are values comparable with those of the undisplaced 2-
SVCVJ model with Feller condition not imposed. Moreover, by visual inspection
of the flattening of the error distribution of the 2-SVJ model, especially in the VIX
options market, we see that the imposition of the Feller condition penalizes more
the models which do not have jumps in volatility. A possible explanation could
be the following: the Feller condition acts primarily as a binding on the vol-of-
vol parameters Λi, that become constrained to be smaller than

√
2αiβi. Then, if

the model does not have another channel to increase the skewness of the volatil-
ity/VIX distribution - such as jumps in volatility - which is needed to reproduce
the positive sloping smile of VIX options, it ends up to be more affected by such
restriction w.r.t. a model, like the 2-SVVJ, 2-SVCJ and 2-SVCVJ which features
discontinuous volatility dynamics.

Figure 30 shows a visual comparison between a typical calibration performed
with 2-SVCVJ++ model when the Feller condition is imposed (blue line) and
when it is not. It suggests that the restriction imposed prevents the model from
capturing the convexity of the skew of VIX options - while still reproducing its
positive slope - and from fitting long-term futures.

The visual results of figure 30 are confirmed comparing tables 9 (Panel B) and
11 (Panel D) with their no-Feller counterparts 4 and 5 (same Panels), where we see
that the greatest increase in absolute pricing errors of 2-SVCVJ++ model when
the Feller condition is imposed is on futures of long tenors, passing from 0.44% to
0.98% and, overall, on VIX options of short maturities, where the average absolute
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Table 8: Calibration errors (in %) with Feller condition imposed. This table reports the sam-
ple average (max in sample) of the Root Mean Squared Error (Panel A) and Root Mean Squared
Relative Error (Panel B) of all the H and H++ models calibrated jointly to S&P500 options, VIX
futures and VIX options market data with the Feller condition imposed 2αiβi ≥ Λ2

i separately
for i = 1, 2. The sample period is from January 7, 2009 to December 29, 2010 and the sam-
pling frequency is weekly (Wednesdays). For each date in sample, the fit is performed minimiz-
ing the distance L in equation (4.1). Here we report the absolute (relative) errors on (S&P500
and VIX options) implied volatility surfaces RMSESPX and RMSEV IX (RMSRESPX and
RMSREV IX ) in percentage points and errors on the VIX futures term structures in US$. Per-
formance measures are defined in equations (4.2) to (4.3). Overall pricing errors RMSEAll and
RMSREAll are expressed in percentage points and defined in equation (4.4).

2-SVJ 2-SVJ++ 2-SVCJ 2-SVCJ++ 2-SVVJ 2-SVVJ++ 2-SVCVJ 2-SVCVJ++
Panel A: RMSE

RMSESPX 2.19 2.12 1.93 1.81 1.62 1.46 1.40 1.21
(9.61) (5.95) (7.94) (6.17) (8.37) (4.83) (7.90) (4.41)

RMSEFut 0.88 0.72 0.85 0.65 0.80 0.57 0.75 0.42
(3.52) (2.45) (3.39) (2.34) (3.03) (2.68) (2.03) (2.14)

RMSEV IX 16.07 15.21 13.27 12.03 6.20 4.56 5.77 4.02
(33.93) (33.73) (34.00) (33.88) (27.78) (14.85) (16.38) (12.02)

RMSEAll 5.57 5.28 4.64 4.21 2.57 2.05 2.33 1.76
(15.12) (13.18) (13.21) (13.31) (8.91) (6.36) (8.69) (5.88)

Panel B: RMSRE

RMSRESPX 7.09 6.56 6.30 5.71 5.65 4.95 4.89 4.03
(28.37) (12.40) (22.20) (11.99) (23.35) (12.90) (22.09) (11.71)

RMSREFut 2.93 2.40 2.85 2.18 2.64 1.86 2.47 1.38
(9.18) (6.88) (8.85) (6.57) (8.29) (7.01) (5.79) (5.56)

RMSREV IX 17.87 16.23 14.79 12.70 7.96 5.24 7.32 4.42
(35.47) (27.94) (29.88) (27.94) (25.44) (14.00) (25.39) (12.05)

RMSREAll 8.84 8.08 7.65 6.75 5.96 4.97 5.23 4.05
(29.13) (14.68) (21.00) (14.73) (21.98) (12.61) (20.92) (11.63)

error increases from roughly 2.1 vps11 to more than 6 vps, and high strikes, where
it increases from roughly 2 to 5 volatility points.

11Volatility points.
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Table 9: Calibration RMSE (in %) on VIX futures by Tenor category with Feller condition
imposed. This table reports the sample average of the Root Mean Squared Relative Error for
different Tenor categories of futures on VIX for all the H (Panel A) and H++ (Panel B) models.
Refer to Section 4.2.2 and Table 8 for calibration details. Here we report the relative errors on
VIX futures term structures RMSEFut, as defined in the second of (4.3), conditioned to the
Tenor category considered, measured in days. Errors are expressed in percentage points and the
sample average is weighted by the number of daily observations in each tenor category. Overall
errors are reported in Table 8.

Tenor (days)
Panel A:Hmodels Panel B:H+ + models
< 45 45− 90 > 90 < 45 45− 90 > 90

2-SVJ 0.51 0.38 1.76 2-SVJ++ 0.40 0.28 1.53
2-SVCJ 0.45 0.34 1.79 2-SVCJ++ 0.32 0.23 1.46
2-SVVJ 0.33 0.28 1.80 2-SVVJ++ 0.19 0.18 1.35
2-SVCVJ 0.32 0.25 1.67 2-SVCVJ++ 0.16 0.14 0.98
Observations Observations (% of TOT = 792)

144 144 504 18.18 18.18 63.64

Figure 31: Scatter plot of the 2-SVCVJ++ mean-reversion parameters of σ2
2,t:

log10(α2) Vs log10(
√
β2) obtained in the daily calibration imposing the Feller condition

2αiβi ≥ Λ2
i on both stochastic volatility factors (σ2

i,t i = 1, 2). α2 is the rate of mean-reversion
and
√
β2 is the long-term volatility level.
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Table 10: Calibrated parameters with Feller condition imposed. This table reports the sample median
(median absolute deviation) of joint SPX, VIX futures and VIX options calibrated parameters for all the H
and H++ models considered in the empirical analysis when the Feller condition 2αiβi ≥ Λ2

i is imposed
on both stochastic volatility factors (σ2

i,t i = 1, 2). The sample period is from January 7, 2009 to Decem-
ber 29, 2010 and the sampling frequency is weekly (Wednesdays). Panel A (B) reports 1st (2nd) volatility
factor diffusive parameters. Panel C reports intensity and unconditional mean and standard deviation of
normal jumps in price, where E[cx] = µx and V ar[cx] = δ2

x under 2-SVJ, 2-SVVJ models (respectively
µx + ρJµco,σ and δ2

x + ρ2
Jµ

2
co,σ under 2-SVCJ, 2-SVCVJ) and analogously under the corresponding dis-

placed specifications. Panel D reports the correlated co-jumps parameters. The unconditional correlation
between jump sizes is corr(cx, cσ) = ρJµco,σ/

√
V ar[cx] under models 2-SVCJ, 2-SVCVJ and correspond-

ing displaced specifications. Panel E reports the idiosyncratic jumps parameters.

2-SVJ 2-SVJ++ 2-SVCJ 2-SVCJ++ 2-SVVJ 2-SVVJ++ 2-SVCVJ 2-SVCVJ++
Panel A: 1st Factor
α1 5.662 5.413 5.408 5.230 5.163 4.579 5.002 4.411

(0.960) (1.050) (1.224) (1.100) (1.300) (1.160) (1.357) (0.962)√
β1 (%) 31.322 31.882 29.244 29.480 26.030 26.683 25.971 26.240

(3.169) (3.085) (3.167) (3.272) (3.969) (4.332) (4.686) (3.929)
Λ1 1.069 1.039 0.950 0.942 0.791 0.756 0.775 0.752

(0.172) (0.184) (0.175) (0.170) (0.240) (0.185) (0.231) (0.158)
ρ1 −0.861 −0.900 −0.880 −0.906 −0.973 −0.995 −0.987 −0.996

(0.083) (0.082) (0.097) (0.076) (0.027) (0.005) (0.013) (0.004)
σ1,0 (%) 20.727 19.009 20.318 19.185 14.592 14.698 14.612 16.912

(6.616) (5.879) (6.944) (6.834) (6.440) (6.398) (7.167) (7.055)

Panel B: 2nd Factor
α2 36408.4 2412.0 10561.0 19777.9 276.4 819.4 58.7 241.9

(36399.8) (24103.0) (10557.9) (19773.3) (276.4) (818.8) (54.7) (238.5)√
β2 (%) 0.404 0.511 0.656 0.702 2.056 1.427 3.106 1.679

(0.376) (0.425) (0.638) (0.636) (2.004) (1.379) (2.948) (1.540)
Λ2 0.313 0.365 0.418 0.399 0.405 0.435 0.578 0.683

(0.285) (0.360) (0.383) (0.354) (0.401) (0.416) (0.405) (0.577)
ρ2 0.393 0.353 0.290 0.225 −0.702 −0.573 −0.554 −0.393

(0.544) (0.478) (0.677) (0.638) (0.298) (0.427) (0.446) (0.607)
σ2,0 (%) 34.976 51.811 12.342 16.251 21.087 21.308 14.692 13.913

(34.535) (50.943) (12.159) (16.116) (20.523) (18.232) (13.370) (12.189)

Panel C: Price jumps
λ 0.006 0.006 0.013 0.011 0.011 0.012 0.040 0.046

(0.005) (0.005) (0.009) (0.010) (0.009) (0.010) (0.028) (0.028)
E[cx] −0.404 −0.295 −0.242 −0.214 −0.912 −0.973 −0.364 −0.380

(0.438) (0.331) (0.286) (0.228) (0.544) (0.481) (0.200) (0.198)√
V ar[cx] 0.258 0.224 0.271 0.231 0.414 0.396 0.353 0.297

(0.204) (0.171) (0.190) (0.151) (0.271) (0.239) (0.213) (0.146)

Panel D: CO-jumps
µco,σ - - 0.000 0.000 - - 0.601 0.674

- - (0.000) (0.000) - - (0.601) (0.602)
corr(cx, cσ) - - −0.101 −0.019 - - −0.774 −0.878

- - (0.253) (0.236) - - (0.226) (0.122)

Panel E: Idiosyncratic jumps
λ - - - - 0.110 0.131 0.082 0.134

- - - - (0.066) (0.076) (0.081) (0.112)
µid,σ - - - - 0.931 0.687 0.554 0.443

- - - - (0.521) (0.340) (0.390) (0.266)
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From inspection of Panel B of tables 5 and 11, the increasing trend of the errors
is similar also on SPX options, passing from roughly 2 to 4.7 vps on the long-
maturity bucket and from 2.4 to more than 6 vps on the high strikes bucket.

With this restriction imposed, table 8 shows that the average (maximum) rela-
tive pricing error of 2-SVCVJ++ increase to 4% (11.7%) on S&P500 options, 4.4%
(12%) on VIX options and 1.4% (5.6%) on VIX futures, while for the 2-SVCVJ mo-
del we obtained 4.9% (22.1%) on S&P500 options, 7.3% (25.4%) on VIX options
and 2.5% (5.8%) on VIX futures. Overall, when the Feller condition is imposed,
the mean (maximum) overall relative pricing errorRMSREAll grows up to 5.23%
(20.92%) for the 2-SVCVJ model and 4.05% (11.63%) for the 2-SVCVJ++ model.

Table 10 shows the calibrated parameters of all H and H++ models when the
Feller condition is imposed on each factor σ2

i,t. Considering the 2-SVCVJ++ mo-
del, calibrated parameters still show the different role played by the two volatility
factors, with σ2

1,t still representing the slow mean-reverting factor, with a half life of
almost 2 months. Nevertheless, while with Feller condition not imposed the two
factors contribute to a comparable fraction of the long-term volatility level (table
6, last column), when the condition is imposed, the long-term level is driven al-
most exclusively by the slow factor. Figure 31 shows a scatter plot of the order
of magnitude of the daily calibrated rate of mean reversion α2 with respect to the
calibrated

√
β2 for the fast factor σ2

2,t. As it is clear, insensately high values of α2

are coupled with so small values of β2 that - as a consequence - the factor12 results
to be simply unspecified. Consistently, the restriction imposed by the Feller con-
dition on the vol-of-vol parameters Λi ≤

√
2αiβi, induces the jump parameters to

compensate for it, showing an increase in their mean value of roughly one order of
magnitue µco,σ = 0.67, µid,σ = 0.44, whereas from table 6 they would have been
µco,σ = 0.07, µid,σ = 0.05 if the Feller condition would have not been imposed.
Moreover, the long-term level of the 2-SVCVJ++ models

βeff = β1 + β2 + λ
µco,σ
α1

+ λ′
µid,σ
α1

(4.8)

results to be rather similar with or without the imposition of the Feller condition:√
βeff is respectively 31.6% and 29.0%; a fact that is in line with the intuition that

models with jumps in volatility are able, to some extent, to generate the necessary
volatility-of-volatility - as required to reproduce the positive sloping skew of VIX
options - leveraging on an increase of the contribution of jumps.

4.3 Conclusions

Our empirical results show a decisive improvement in the pricing performance
over non-displaced models, and also provide strong empirical support for the

12Which, strictly speaking, would have a half-life of roughly one day.
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Table 11: Calibration RMSE (in %) on SPX and VIX options by Moneyness - Maturity cat-
egory with Feller condition imposed This table reports the sample average of the Root Mean
Squared Relative Error for different Moneyness and time-to-Maturity categories of options on
SPX (respectively VIX) for all the H models in Panel A (resp. C) and H++ models in Panel B
(resp. D). Refer to Section 4.2.2 and Table 8 for calibration details. Here we report the relative er-
rors on VIX implied volatility surfaces RMSEV IX , as defined in the third of (4.3), conditioned
to the Moneyness - Maturity category considered. Time to Maturity is measured in days and
Moneyness for an option of maturity T is defined as the ratio of the option exercise price to the
current index level for S&P500 optionts and of the exercise price to the current VIX futures price
expiring at T for VIX options.For each category, errors are expressed in percentage points and
the sample average is weighted by the number of daily observations in each category. Overall
errors are reported in Table 8.

Maturity Moneyness of SPX options
Panel A:Hmodels Panel B:H + + models
< 0.95 0.95 − 1.05 > 1.05 All < 0.95 0.95 − 1.05 > 1.05 All

< 45 Days
2-SVJ 8.11 7.91 9.51 8.69 2-SVJ++ 8.38 6.51 7.91 7.99
2-SVCJ 6.99 7.51 8.55 7.75 2-SVCJ++ 6.93 5.95 7.19 6.90
2-SVVJ 5.58 6.04 7.71 6.37 2-SVVJ++ 5.25 4.60 5.97 5.38
2-SVCVJ 4.53 5.46 7.39 5.60 2-SVCVJ++ 4.17 3.87 5.43 4.44

45 − 90 Days
2-SVJ 4.32 5.27 6.08 5.25 2-SVJ++ 4.27 5.03 5.37 4.89
2-SVCJ 3.82 4.60 5.34 4.59 2-SVCJ++ 3.60 4.36 4.68 4.21
2-SVVJ 2.87 3.20 5.37 3.84 2-SVVJ++ 2.72 2.39 4.59 3.35
2-SVCVJ 2.58 2.85 4.50 3.35 2-SVCVJ++ 2.29 2.06 3.78 2.79

> 90 Days
2-SVJ 3.79 7.33 9.53 6.73 2-SVJ++ 3.71 7.06 8.78 6.34
2-SVCJ 3.47 6.33 8.23 5.91 2-SVCJ++ 3.29 6.11 7.79 5.63
2-SVVJ 2.63 4.69 10.12 6.16 2-SVVJ++ 2.38 3.95 9.74 5.79
2-SVCVJ 2.52 4.31 8.18 5.22 2-SVCVJ++ 2.18 3.45 7.56 4.68

All Days
2-SVJ 5.90 7.20 8.57 2-SVJ++ 6.00 6.34 7.56
2-SVCJ 5.17 6.61 7.65 2-SVCJ++ 5.04 5.68 6.79
2-SVVJ 4.08 5.12 8.31 2-SVVJ++ 3.84 4.00 7.36
2-SVCVJ 3.46 4.68 7.19 2-SVCVJ++ 3.13 3.41 6.02

Observations Observations (% of TOT)
< 45 Days 4232 2642 1373 8247 < 45 Days 17.43 10.88 5.66 33.97

45 − 90 Days 4704 2368 2292 9364 45 − 90 Days 19.37 9.75 9.44 38.57
> 90 Days 3369 1418 1881 6668 > 90 Days 13.88 5.84 7.75 27.46

All Days 12305 6428 5546 24279 All Days 50.68 26.48 22.84 100.00

Maturity Moneyness of VIX options
Panel C:Hmodels Panel D:H + + models
< 0.95 0.95 − 1.05 > 1.05 All < 0.95 0.95 − 1.05 > 1.05 All

< 45 Days
2-SVJ 14.26 16.24 21.44 20.39 2-SVJ++ 8.57 12.00 20.97 18.62
2-SVCJ 13.06 13.30 18.21 17.63 2-SVCJ++ 7.82 9.83 17.16 15.35
2-SVVJ 9.96 7.77 8.00 9.12 2-SVVJ++ 3.95 5.47 7.20 6.64
2-SVCVJ 8.76 7.19 7.90 8.57 2-SVCVJ++ 3.49 4.67 6.64 6.06

45 − 90 Days
2-SVJ 12.87 8.31 20.74 18.73 2-SVJ++ 6.17 7.00 20.29 16.97
2-SVCJ 11.78 7.30 15.73 14.83 2-SVCJ++ 5.33 5.72 15.17 12.81
2-SVVJ 10.72 5.65 6.06 8.02 2-SVVJ++ 3.39 3.43 5.29 4.96
2-SVCVJ 9.95 4.83 5.73 7.47 2-SVCVJ++ 2.75 2.75 4.87 4.39

> 90 Days
2-SVJ 14.70 7.10 18.19 17.02 2-SVJ++ 9.54 6.31 17.71 15.37
2-SVCJ 13.14 5.48 13.63 13.56 2-SVCJ++ 7.32 4.92 13.06 11.51
2-SVVJ 10.45 4.35 5.49 7.34 2-SVVJ++ 4.01 3.27 4.79 4.61
2-SVCVJ 10.20 4.44 5.14 7.07 2-SVCVJ++ 3.14 3.15 4.07 3.90

All Days
2-SVJ 15.21 10.63 19.95 2-SVJ++ 9.32 8.36 19.48
2-SVCJ 13.81 8.62 15.56 2-SVCJ++ 7.51 6.74 14.85
2-SVVJ 11.38 5.95 6.45 2-SVVJ++ 4.19 4.10 5.69
2-SVCVJ 10.71 5.61 6.17 2-SVCVJ++ 3.36 3.65 5.08

Observations Observations ( of TOT)
< 45 Days 135 59 390 584 < 45 Days 4.88 2.13 14.09 21.11

45 − 90 Days 190 57 477 724 45 − 90 Days 6.87 2.06 17.24 26.17
> 90 Days 384 137 938 1459 > 90 Days 13.88 4.95 33.90 52.73

All Days 709 253 1805 2767 All Days 25.62 9.14 65.23 100.00
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presence of both price-volatility co-jumps and idiosyncratic jumps in the volatility
dynamics.

The displacement contributes to dramatically increase the fit of the term struc-
ture of VIX futures, even when it displays humps. Moreover, the addition of the
rich jump structure of the Heston++ model makes it able to capture the positive
sloping smile of the VIX options surface and its term structure. Based on our
results, the maximum errors of the 2-SVCVJ++ model are comparable with the
average errors of the non-displaced 2-SVCVJ model.

The imposition of the Feller condition penalizes more the models with a poorer
volatility specification, while models featuring jumps are able, to some extent, to
compensate for the restrictions imposed on the vol-of-vol parameters leveraging
on an increased contribution of jumps. Nevertheless, despite capturing the pos-
itive sloping skew of VIX options, the 2-SVCVJ++ model with Feller condition
imposed seems unable to reproduce the correct convexity of the smile.

The pricing errors of displaced models with Feller condition imposed are
roughly comparable with those of non-displaced models without Feller condition
imposed. Overall, the imposition of the Feller condition does not compromise the
superiority of the φt-displaced models over those non-displaced.

A model which consistently prices both equity and volatility market is a rea-
sonable starting point in order to infer both equity and variance risk-premia from
the data. In a possible research agenda we would leverage on the enhanced abil-
ity of displaced models in capturing the risk-neutral dynamics of the S&P500 and
VIX indexes in order to try to infer their true dynamics. This route goes through
the definition of a suitable change of measure between the risk-neutral and physical
probability measure in this displaced jump-diffusion setup (Broadie et al., 2007;
Pan, 2002). A proper methodology has to be designed in order to filter out unob-
served latent variables, such as the volatility process and jumps. In this respect,
standard Kalman filter-based methodologies already employed to estimate equity
and variance risk-premia (Bates, 2000; Gruber et al., 2015) cannot be directly em-
ployed, due to the presence of non-normal innovations in the latent processes.
Therefore, more refined non-standard filtering techniques will be required, such
as the Auxiliary Particle filter introduced by Pitt and Shephard (1999) and already
successfully employed for risk-premia estimation by Bardgett et al. (2013).

Future developments could lead toward the investigation and the deeper un-
derstanding of the meaning and role of the displacement φt, which seems to play a
crucial role in the option pricing context. In particular, from a mathematical point
of view, could be interesting to interpret displaced models as a kind of affine ap-
proximation of an unknown non-affine process. Moreover, from a financial point
of view could be interesting to investigate whether, and to what extent, the dis-
placement deterministic function can be interpreted as an additional volatility
state vector.
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Appendix A

Mathematical proofs and
addenda

A.1 Conditional characteristic functions ofHmodels

As the 2-SVCVJ is an affine model, ordinary calculations following Duffie et al.
(2000) lead to characteristic functions which are exponentially affine in the state
variables. For the logarithmic price and volatility factors we obtain, respectively:

log f
2-SVCVJ
x (z; τ) = i(xt + (r − q)τ)z +

∑
k=1,2

(
A
x
k(z; τ) + B

x
k (z; τ)σ

2
k,t

)
+ C

x
co(z; τ) + C

x
id(z; τ)

log f
2-SVCVJ
σ (z1, z2; τ) =

∑
k=1,2

(
A
σ
k (zk; τ) + B

σ
k (zk; τ)σ

2
k,t

)
+ C

σ
co(z1; τ) + C

σ
id(z1; τ)

(A.1)

where coefficients satisfy the following sets of ODEs:

∂Axk(z; τ)

∂τ
= αkβkB

x
k (z; τ)

∂Bxk (z; τ)

∂τ
=

1

2
Λ2
k (Bxk (z; τ))2 − (αk − izρkΛk)Bxk (z; τ)− 1

2
z(i+ z)

∂Cxco(z; τ)

∂τ
= λ

(
θco (z,−iBx1 (z, τ))− 1− iµ̄z

)
∂Cxid(z; τ)

∂τ
= λ′

(
θid (−iBx1 (z, τ))− 1

)
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with null initial conditions at τ = 0, and

∂Aσk(zk; τ)

∂τ
= αkβkB

σ
k (zk; τ)

∂Bσk (zk; τ)

∂τ
=

1

2
Λ2
k (Bσk (zk; τ))2 − αkBσk (zk; τ)

∂Cσco(z1; τ)

∂τ
= λ

(
θco (0,−iBσ1 (z1, τ))− 1

)
∂Cσid(z1; τ)

∂τ
= λ′

(
θid (−iBσ1 (z1, τ))− 1

)
(A.2)

with initial conditions Aσk(zk; 0) = Cσco(z1; 0) = Cσid(z1; 0) = 0 and Bσk (zk; 0) = izk. Ex-
plicit solutions can be found. For the f2-SVCVJ

x coefficients, we have:

Axk(z; τ) =
αkβk
Λ2
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[
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(
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)]
Bxk (z, τ) =

ck − dk
Λ2
k

1− e−dkτ

1− gke−dkτ
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where we have defined the auxiliary parameters:

ck = αk − izρkΛk

dk =
√
c2k + z(i+ z)Λ2

k

gk =
ck − dk
ck + dk

G±co = 1− izρJµco,σ −
µco,σ
Λ2

1

(c1 ± d1)

G±id = 1− µid,σ
Λ2

1

(c1 ± d1)

121



For the f2-SVCVJ
σ coefficients, we have:

Aσk(zk; τ) = −2αkβk
Λ2
k

log

(
1− izk

Λ2
k

2αk

(
1− e−αkτ

))
Bσk (zk; τ) =

izke
−αkτ

1− izk
Λ2
k

2αk
(1− e−αkτ )

Cσco(z1; τ) = λΘ(z1; τ, µco,σ)

Cσid(z1; τ) = λ′Θ(z1; τ, µid,σ)

Θ(z1; τ, µ) = − 2µ

Λ2
1 − 2α1µ

log

(
1− iz1

1− iz1µ

Λ2
1 − 2α1µ

2α1

(
1− e−α1τ

))
(A.3)

Characteristic functions of the other nested H models can be obtained applying the ap-
propriate simplifications to the corresponding expressions just presented for the 2-SVCVJ
model, as discussed in section (3.1.1), see Lian and Zhu (2013) and Kokholm et al. (2015)
for the case of the SVCJ model of Duffie et al. (2000) and Chen and Poon (2013) for the case
of the 2-SVCJ model with two volatility factors with correlated co-jumps between the first
one and the price process. We present here the expressions for the nested models adopted
in the empirical analysis. For ease of exposition we begin with the results for the two factor
continuous 2-SV model of Christoffersen et al. (2009):

log f2-SV
x (z; τ) = i(xt + (r − q)τ)z +

∑
k=1,2

(
Axk(z; τ) +Bxk (z; τ)σ2

k,t

)
log f2-SV

σ (z1, z2; τ) =
∑
k=1,2

(
Aσk(zk; τ) +Bσk (zk; τ)σ2

k,t

) (A.4)

For the 2-SVJ model, with log-normal jumps in price only we obtain:

log f2-SVJ
x (z; τ) = log f2-SV

x (z; τ) + Cxco(z; τ)|µco,σ=0

log f2-SVJ
σ (z1, z2; τ) = log f2-SV

σ (z1, z2; τ)
(A.5)

For the 2-SVVJ model, with log-normal jumps in price and idiosyncratic jumps in σ2
1,t we

obtain:
log f2-SVVJ

x (z; τ) = log f2-SVJ
x (z; τ) + Cxid(z; τ)

log f2-SVVJ
σ (z1, z2; τ) = log f2-SV

σ (z1, z2; τ) + Cσid(z1; τ)
(A.6)

For the 2-SVCJ model, with correlated co-jumps in price and σ2
1,t we obtain:

log f2-SVCJ
x (z; τ) = log f2-SV

x (z; τ) + Cxco(z; τ)

log f2-SVCJ
σ (z1, z2; τ) = log f2-SV

σ (z1, z2; τ) + Cσco(z1; τ)
(A.7)

Relations (3.11) are easily derived since each H++ model is an affine model nesting the
corresponding undisplacedHmodel.
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A.2 Proof of Proposition 4: CH++
SPX (K, t, T )

The pricing formula is easily obtained from the first of (3.11) and from a straightforward
application of results of Lewis (2000, 2001).

A.3 Proof of Proposition 5: V IXH++
t

Applying Itō’s Lemma to the process log(St+τ̄/Ft,t+τ̄ ), under the dynamics of the 2-
SVCVJ++ in (3.3), the VIX definition in (3.13) may be rewritten as(

V IXt
100

)2

=
1

τ̄

∑
k=1,2

EQ
[∫ t+τ̄

t

σ2
k,sds

∣∣∣∣Ft]+ 2λEQ
[
ecx − 1− cx

]
+

1

τ̄
Iφ(t, t+ τ̄) (A.8)

where we have also used the fact that φt is a deterministic function. The integrated volatil-
ities and the co-jumps contribution can be computed in closed form (see for example Lin
(2007) and Duan and Yeh (2010) for similar computations)

EQ
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(A.9)
and therefore we have that the coefficients of affinity in (3.15) are

ak(τ̄) =
1− e−τ̄αk

αk
, k = 1, 2

b1(τ̄) =
α1β1 + λµco,σ + λ′µid,σ

α1

(
τ̄ − a1(τ̄)

)
+ 2λ

[
µ̄− (µx + ρJµco,σ)

]
b2(τ̄) = β2

(
τ̄ − a2(τ̄)

) (A.10)

Relation (3.14) readily comes from the nesting of 2-SVCVJ model into 2-SVCVJ++ if φt ≡ 0.

A.4 Proof of Proposition 6: FH++
V IX (t, T ) and

CH++
V IX (K, t, T )

The payoffs of a VIX futures contract settled at time T and of a call option on VIX of strike
K maturing at T are linear functions of the VIX index value at settle V IXT , respectively
V IXT and (V IXT − K)+. As stated in Proposition 5, under H + + models, V IXT is
non-linearly related to the value of volatility factor processes at time T , whose conditional
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characteristic function is known in closed form as shown in Lemma 2. To overcome this
issue we rewrite the payoffs as non-linear functions of the squared index

wF (V IX ′2T )

100
=
√
V IX ′2T

wC(V IX ′2T )

100
=

(√
V IX ′2T −K

′
)+ (A.11)

where V IX ′t = V IXt/100 and K′ = K/100 are, respectively, the index and strike values
expressed in percentage points. Fourier transforms for these payoffs are available in closed
form

ŵF (z)
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2
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(−iz)3/2

ŵC(z)

100
=

√
π

2

1− erf(K′
√
−iz)

(−iz)3/2

(A.12)

and are single-valued regular functions in the upper half of the complex plane

Sw = {z ∈ C : Im(z) > 0} (A.13)

Denote with f2-SVCVJ++
V IX′2 the time t conditional characteristic function EQ

[
eizV IX

′2
T

∣∣∣Ft] of

the squared index process V IX ′2t at time T under the 2-SVCVJ++ model. From Proposition
5 (with τ = T − t)

f2-SVCVJ++
V IX′2 (z; τ) = eizIφ(T,T+τ̄)/τ̄f2-SVCVJ

V IX′2 (z; τ)

= eiz(
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k=1,2 bk(τ̄)+Iφ(T,T+τ̄))/τ̄f2-SVCVJ

σ (za1(τ̄)/τ̄ , za2(τ̄)/τ̄ ; τ)
(A.14)

Following the approach of Lewis (2000, 2001), the value at time t of the call option on VIX
under the 2-SVCVJ++ model is given by

C2-SVCVJ++
V IX (K, t, T ) = e−rτEQ [ (V IXT −K)+

∣∣Ft]
= e−rτEQ [wC(V IX ′2T )
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i Im(z)−∞
f2-SVCVJ++
V IX′2 (−z; τ)ŵC(z)dz

(A.15)

and similarly for futures

F 2-SVCVJ++
V IX (t, T ) = EQ [V IXT | Ft]

= EQ [wF (V IX ′2T )
∣∣Ft]

=
1

2π

∫ i Im(z)+∞
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f2-SVCVJ++
V IX′2 (−z; τ)ŵF (z)dz

(A.16)

from which the results in Proposition 6 follow since the real (imaginary) part is an even
(odd) function of Re(z). For both claims, the integrands are well behaved functions as long
as z ∈ S∗V IX′2 ∩ Sw where f2-SVCVJ++

V IX′2 (z; τ) is regular in the strip SV IX′2 and S∗V IX′2 is the
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conjugate strip, obtained via reflection with respect to the real z axis. The characteristic
functions f2-SVCVJ++

V IX′2 (z; τ) verifies∣∣∣f2-SVCVJ++
V IX′2 (−z; τ)

∣∣∣ =
∣∣∣EQ

[
e−izV IX

′2
T

∣∣∣Ft]∣∣∣
≤ EQ

[ ∣∣∣e−izV IX′2T ∣∣∣∣∣∣Ft] = f2-SVCVJ++
V IX′2 (−i Im(z); τ)

(A.17)

and therefore, considering the relation in (A.14), determining the strip of regularity S∗V IX′2
corresponds to analyze the stability of the solutions of the system ODEs in equation (A.67)
for zk = −i Im(z)ak(τ̄)/τ̄ and k = 1, 2. Similar arguments have been considered in Ander-
sen and Piterbarg (2007); Lee et al. (2004); Lord and Kahl (2010) in studying the regularity
of the log-price characteristic function fx(z; τ) of Heston-like stochastic volatility models.
From the second of the (A.3), the solution Bσk (−i Im(z)ak(τ̄)/τ̄ ; τ) is regular as long as its
denominator is not equal to zero, requiring:

Im(z) < ζ
Bσk
c (τ) =

τ̄

ak(τ̄)

1
Λ2
k

2αk
(1− e−αkτ )

(A.18)

which, in addition, guarantees the regularity of Aσk(−i Im(z)ak(τ̄)/τ̄ ; τ), given in the first
of (A.3). Idiosyncratic and correlated co-jumps solutions Cσco(−i Im(z)a1(τ̄)/τ̄ ; τ) and
Cσid(−i Im(z)a1(τ̄)/τ̄ ; τ) are regular as long as the argument of the logarithms is not equal
to zero, that requires, respectively:
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Cσco
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and
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We notice that, since µco,σ, µid,σ > 0, we have that min
(
ζ
Cσco
c (τ), ζ

Cσid
c (τ)

)
< ζ

Bσ1
c (τ) , and

therefore ζc(τ) is given by

ζc(τ) = min
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ζ
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Cσid
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)
(A.21)

A.5 Proof of proposition 9: EQ
[∫ T

t Xsds
∣∣∣Ft]

We derive the expression for functions Ax(τ) and Bx(τ) in (3.46)

EQ
[∫ T

t

Xsds

∣∣∣∣Ft] = Ax(τ) +Bx(τ)Xt (A.22)
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performing the functional derivative of the expression for the expected diffusive quadratic
variation in (3.41), whose relevant term we report here for ease of the reader,1

EQ
[∫ T

t

Ψ>s Xsds

∣∣∣∣Ft] = Ac(t, T ; Ψ[t,T ]) +B>c (t, T ; Ψ[t,T ])Xt (A.23)

w.r.t. the multiplicative displacement Ψt. Without any pretensions to be rigorous, we first
introduce the concept of first variation and derivative of a functional. Consider a functional
F of the function f(x)

F[f ] =

∫ x1

x0

If (x)dx (A.24)

where the integrand If is assumed to depend on f(x) and possibly on its derivatives and
primitives. We will call the functional derivative of F w.r.t. f(x) the function of x

δF

δf(x)
(A.25)

such that the first variation δF = F[f + δf ]− F[f ] of F is (see (Courant and Hilbert, 1953,
pp. 186) and (Gelfand et al., 2000, pp. 11))

δF =

∫ x1

x0

δF

δf(x)
δf(x)dx (A.26)

where the variation δf(x) is an arbitrary sufficiently regular test function.2 We interpret
the expression in (A.23) as a functional Ft[Ψ] of the multiplicative displacement function
Ψt : R+ → Rn

Ft[Ψ] = EQ
[∫ T

t

Ψ>s Xsds

∣∣∣∣Ft]+ 1>
∫ T

t

Φsds (A.29)

whose variation is

δFt = EQ
[∫ T

t

δΨ>s Xsds

∣∣∣∣Ft] =

∫ T

t

δΨ>s E
Q [Xs| Ft] ds (A.30)

1We disregard the contribution of the Φ-term in the expression (3.41) of EQ[ [logS]ct,T

∣∣∣Ft].
2 In the physics literature, often dealing with functional derivatives of observables (functionals

F[f ]) of fields (functions f(x)) defined on the entire space-time R4, the definition employed is slightly
different, with the variation δf(x) inside (A.26) expressed formally in terms of the Dirac delta εδ(y−x),
and therefore in the scalar case the variation of F would be

δF =

∫
δF

δf(x)
εδ(x− y)dx = ε

δF

δf(y)
(A.27)

with the functional derivative retrieved in the limit of vanishing ε as:

δF

δf(x)
= lim
ε→0

F[f + εδ(x− y)]− F[f ]

ε
(A.28)

since the delta is symmetric. Good (non technical) introductions can be found in Parisi (1988) and
Greiner and Reinhardt (1996).
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The last equality is an instance of Fubini theorem and therefore (A.30) holds as long as

EQ
[∫ T

t

|δΨ>s Xs|ds
∣∣∣∣Ft] <∞ (A.31)

but, since the variation δΨ is arbitrary small,

|δΨ>s Xs| =
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2
i,s

∣∣∣∣∣ ≤
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|δψi,sσ2
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n∑
i=1

σ2
i,s (A.32)

expression (A.30) holds a fortiori if we can interchange the expectation of the volatility factor
state vector with its integral

EQ
[∫ T

t

Xsds

∣∣∣∣Ft] =

∫ T

t

EQ [Xs| Ft] ds (A.33)

Moreover, the variation δΨs has been taken outside of the expectation in (A.30) since it is
deterministic. For what was said before, the functional derivative of Ft[Ψ] w.r.t. Ψs, is the
conditional expected value of the volatility state vector at time s ≥ t

δFt
δΨs

= EQ [Xs| Ft] (A.34)

moreover if we assume (A.33), the expected integrated volatility factor state vector is the
integral of δFt

δΨ(s)

EQ
[∫ T

t

Xsds

∣∣∣∣Ft] =

∫ T

t

δFt
δΨs

ds (A.35)

If we now interpret consistently Ac(t, T ; Ψt) and Bc(t, T ; Ψt), defined in (3.42), and re-
ported here for ease of the reader,

Ac(t, T ; Ψ[t,T ]) =

∫ T

t

B>c (s, T ; Ψ[s,T ])ds

(
K0 +

mX∑
j=1

λ0,j∇θj(0)

)

Bc(t, T ; Ψ[t,T ]) =

∫ T

t

e(K
>
1 +

∑mX
j=1 λ1,j∇θ>j (0))(s−t)Ψ(s)ds

(A.36)

as functionals of Ψt, denoted respectively as Ac,t[Ψ] and Bc,t[Ψ], the linear relation (3.41)
allows us to easily compute the functional derivative of Ft[Ψ] w.r.t. Ψs in terms of their
own functional derivatives3

δFt
δΨ(s)

=
δAc,t

δΨs
+

(
δBc,t

δΨs

)>
Xt (A.37)

3Observe that
δ(B>c,tXt)

δΨs
=
δB>c,t

δΨs
Xt =

(
δBc,t

δΨs

)>
Xt
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where4

δAc,t

δΨs
=

[(
δBc,t

δΨs

)>
− Idn

](
K1 +

mX∑
j=1

∇θj(0)λ>1,j

)−1(
K0 +

mX∑
j=1

λ0,j∇θj(0)

)
δBc,t

δΨs
= e(K

>
1 +

∑mX
j=1 λ1,j∇θ>j (0))(s−t)

(A.40)

and we conclude observing that their integrals between time t and T

∫ T

t

δAc,t

δΨs
ds = [Bx(τ)− Idnτ ]

(
K1 +

mX∑
j=1

∇θj(0)λ>1,j

)−1(
K0 +

mX∑
j=1

λ0,j∇θj(0)

)
∫ T

t

(
δBc,t

δΨs

)>
ds =

[
e(K1+

∑mX
j=1 ∇θj(0)λ>1,j)τ − Idn

](
K1 +

mX∑
j=1

∇θj(0)λ>1,j

)−1

(A.41)
are therefore the functions Ax(τ) and Bx(τ) of Proposition 9.

A.6 Proof of proposition 11: FV IX(t, T ) and
CV IX(K, t, T ) under the displaced affine frame-
work

By definition of conditional CF (VIX’ = VIX/100) and from the results in Proposition 10, we
have z = Re(z) + i Im(z) ∈ C

fV IX′2(z;Xt, t, T ) = EQ
[
eizV IX

′2
T

∣∣∣Ft]
= eiz(a+1>IΦ(T,T+τ̄))/τ̄EQ

[
eizb

>XT /τ̄
∣∣∣Ft]

= eiz(a+1>IΦ(T,T+τ̄))/τ̄fσ

(
z
b

τ̄
;Xt, t, T

) (A.42)

4 In deriving δAc,t
δΨs

it could be useful the following easy application of the Fubini theorem to per-
form an interchange of the order of the integrals:∫ T

t

(∫ T

s
G(u, s)Ψ(u)du

)
ds =

∫ T

t

(∫ u

t
G(u, s)Ψ(u)ds

)
du

=

∫ T

t

(∫ u

t
G(u, s)ds

)
Ψ(u)du

(A.38)

which corresponds to two distinct parametrizations of the triangular region Tt,T

Tt,T =
{

(u, s) ∈ R2 : s ≤ u ≤ T and t ≤ s ≤ T
}

=
{

(u, s) ∈ R2 : t ≤ u ≤ T and u ≤ s ≤ T
} (A.39)
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where fσ(Z;Xt, t, T ) = EQ
[
eiZ
>XT

∣∣∣Ft] with Z = Re(Z) + i Im(Z) ∈ Cn, is the risk-
neutral conditional characteristic function of Xt ∈ Rn. The results in Lewis (2000) and
Lewis (2001), based on the regularity theorem for CF of Lukacs (1970), ensure us that fV IX′2
is a regular function in the strip

z ∈ C : | Im(z)| < ζc(t, T ) (A.43)

that will in general depend on the model considered, through fσ (as discussed in Appendix
A.4 for the specific case of the Heston++ model). Recalling the rewritten payoffs

wF (V IX ′2T ) = 100×
√
V IX ′2T

wC(V IX ′2T ) = 100×
(√

V IX ′2T −K
′
)+ (A.44)

and their Fourier transforms

ŵF (z) = 100×
√
π

2

1

(−iz)3/2

ŵC(z) = 100×
√
π

2

1− erf(K′
√
−iz)

(−iz)3/2

(A.45)

that are single-valued regular functions in the upper half of the complex plane Im(z) > 0,
we can apply the definition of arbitrage-free pricing. and compute the VIX derivative prices
by Fourier inversion of their payoffs. For futures on VIX we have:

FV IX(t, T ) = EQ[V IXT | Ft]

= EQ[wF (V IX ′2T ) | Ft]

= EQ

[
1

2π

∫ i Im(z)+∞

i Im(z)−∞
e−izV IX

′2
T ŵF (z)dz

∣∣∣Ft]

=
1

2π

∫ i Im(z)+∞

i Im(z)−∞
EQ
[
e−izV IX

′2
T | Ft

]
ŵF (z)dz

=
1

2π

∫ i Im(z)+∞

i Im(z)−∞
fV IX′2(−z;Xt, t, T )ŵF (z)dz

(A.46)

where we have used Fubini Theorem to move the expectation inside the integral. Consid-
ering that the real (imaginary) part of the complex integrand is an even (odd) function of
Re(z), can be rewritten as

FV IX(t, T ) =
1

π

∫ ∞
0

Re
[
fV IX′2(−z;Xt, t, T )ŵF (z)

]
dRe(z) (A.47)
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with 0 < Im(z) < ζc, given in (A.43). Substituting fV IX′2 expression in (A.42) and ŵF (z)
given in (A.45), we get the first of (3.72). Analogously, for call options on VIX,

CV IX(K, t, T ) = e−rτEQ[(V IXT −K)+ | Ft]

= e−rτEQ[wC(V IX ′2T ) | Ft]

= e−rτEQ

[
1

2π

∫ i Im(z)+∞

i Im(z)−∞
e−izV IX

′2
T ŵC(z)dz

∣∣∣Ft]

=
e−rτ

2π

∫ i Im(z)+∞

i Im(z)−∞
EQ
[
e−izV IX

′2
T | Ft

]
ŵC(z)dz

=
e−rτ

2π

∫ i Im(z)+∞

i Im(z)−∞
fV IX′2(−z;Xt, t, T )ŵC(z)dz

=
e−rτ

π

∫ ∞
0

Re
[
fV IX′2(−z;Xt, t, T )ŵC(z)

]
dRe(z)

(A.48)

with 0 < Im(z) < ζc. Substituting fV IX′2 expression in (A.42) and ŵC(z) given in (A.45),
we get the second of (3.72). Similarly, for a put option

wP (V IX ′2T ) = 100×max
(√

V IX ′2T −K
′
)

(A.49)

with Fourier transform

ŵP (z) =

∫ ∞
−∞

eizV IX
′2
T wP (V IX ′2T )dV IX ′2T

= 100×
(
iK′

z
−
√
π

2

erf(K′
√
−iz)

(−iz)3/2

) (A.50)

Therefore, a put option on VIX can be priced either by put-call parity in (2.12), given call
and futures prices in (3.72), or directly

PV IX(K, t, T ) =
e−rτ

π

∫ ∞
0

Re
[
fV IX′2(−z;Xt, t, T )ŵP (z)

]
dRe(z) (A.51)

with 0 < Im(z) < ζc.

A.7 Affinity conservation under displacement trans-
formation of instantaneous volatility

From inspection of VIX derivatives pricing formulas in Propositions 6 or 11, it is clear that
VIX futures and options prices depend strongly on the risk-neutral statistical properties of
the stochastic volatility process

Xt = (σ2
1,t, ..., σ

2
n,t)
> ∈ Rn, (A.52)
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and only say, indirectly (through the VIX affinity coefficients), on the dynamics of the under-
lying price process St. Moreover, by direct inspection of the (a, b) coefficients in Proposition
10, it is clear that they do not depend on the correlation between the diffusive dynamics
of St and Xt. VIX derivative prices do directly depend on the statistical properties of the
volatility factors and the only relevant process to be affine in order for their price to be
computable in closed-form is the stochastic volatility process Xt.
This means that to price volatility derivatives, one can either compute the conditional PDF
of Xt: pQσ(XT |Xt), or more in general can express the pricing formulas, as in Proposition
11, in terms of the conditional CF

fσ(Z;Xt, t, T ) = EQ
[
eiZ
>XT

∣∣∣Ft] (A.53)

which, as we have seen in Proposition 12, is computable in closed form under our present
affine framework for Xt.
The price of equity derivatives instead, depends on the risk-neutral distribution of St, to
which will in general contribute the dynamics of Xt. In other words, to compute the no-
arbitrage price of a contingent claim on St, one has to consider either the transition PDF
pQS(ST |St), or the conditional CF

fS(z;St, Xt, t, T ) = EQ
[
eizST

∣∣∣Ft] (A.54)

that will in general be a function of the volatility factors too. The transform analysis of
Duffie, Pan and Singleton Duffie et al. (2000) ensures us that the function fS(z;St, Xt) can
be computed in closed-form (and in the usual exponential affine form), provided that the
complete process

(Xt, St)
> = (σ2

1,t, ..., σ
2
n,t, St)

> ∈ Rn+1 (A.55)

is an affine process, according to the affine dependence structure described in (Duffie et al.,
2000, Sec 2.2). As will be shown in what follows, if we consider a (Ψt,Φt)-displaced AJD
model, in order for the affinity structure of the complete process (Xt, St)

> to hold, binds
have to be imposed on the risk-neutral correlation structure between the price process St
and those stochastic volatility factors Xi,t that are displaced. In other terms, if the i-th
stochastic volatility factor is displaced, that is

Vc,i(σ
2
i,t) = ψi,tσ

2
i,t + φi,t (A.56)

the instantaneous correlation between dWS
i,t and dWX

i,t cannot be chosen arbitrarily in order
for the process (Xt, St)

> to be affine. We do not make here any general statement and
prefer to investigate deeper on this point with a couple of examples of models that fit in
the present framework.

Example 1. Pacati, Renò and Santilli (2014) In Pacati et al. (2014), the authors consider a jump-
diffusion model, labelled 2fj++, in which the price process St of a non-dividend paying underlying
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follows the risk-neutral dynamics (refer to main text for details)

dSt = rStdt+ St

√
σ2

1,t + φtdW
S
1,t + σ2,tdW

S
2,t + kJStdNt

dσ2
i,t = αi(βi − σ2

i,t)dt+ Λiσi,tdW
σ
i,t (i = 1, 2)

log(1 + kJ) ∼ N
(

log(1 + k̄J)− 1

2
σ2
J , σ

2
J

) (A.57)

The contribution to the spot variance Vc(σ2
1,t, σ

2
2,t) of the first stochastic volatility factor is displaced

by a non-negative deterministic function φt ≥ 0

Vc(σ
2
1,t, σ

2
2,t) = Vc,1(σ2

1,t) + Vc,2(σ2
2,t)

Vc,1(σ2
1,t) = σ2

1,t + φt

Vc,2(σ2
2,t) = σ2

2,t

(A.58)

As they pointed out, the unique functional form of the instantaneous correlation between dWS
1,t and

dWX
1,t which guarantees the linearity of the pricing PDE for a contingent claim on St is:

corr(dWS
1,t, dW

σ
1,t) = ρ

√
σ2

1,t

σ2
1,t + φt

dt (A.59)

where ρ ∈ [−1, 1] is an additional constant.

In the second example that we consider we make explicit the correspondence between a
model for (Xt, St)

> with a linear backward Fokker-Planck equation for fS(z;St, Xt), that
is the vanilla pricing PDE, and the affinity propriety in the sense of (Duffie et al., 2000,
Sec 2.2). This correspondence is an identity and the linearity of the PDE / affinity holds
provided a particular form for the correlation structure is imposed.

Example 2. Christoffersen, Heston and Jacobs (2009) (ψt, φt)-displaced Consider a fil-
tered probability space (Ω,F , {Ft}t≥0 ,Q), satisfying usual assumptions. Under the risk-neutral
measure Q, we specify the evolution of the logarithmic price of the underlying S&P500 index
xt = logSt as follows

dxt =
[
r − q − 1

2

(
ψtσ

2
1,t + φt + σ2

2,t

) ]
dt+

√
ψtσ2

1,t + φtdW
S
1,t + σ2,tdW

S
2,t

dσ2
i,t = αi(βi − σ2

i,t)dt+ ΛiσtdW
σ
i,t (i = 1, 2)

(A.60)

where r is the short rate, q is the continuously compounded dividend yield rate, and in which the
risk-neutral dynamics of the index is driven by continuous shocks, modeled by the Wiener processes
WS
i,t, i = 1, 2. The first volatility factor is displaced by two sufficiently regular deterministic func-

tions ψt and φt which verify the conditions (3.27) of our setting

φt ≥ 0 and φ0 = 0

ψt ≥ 0 and ψ0 = 1
(A.61)
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and αi, βi,Λi are non-negative constants.5 The corresponding dynamics of the index St is, by Itō’s
lemma:

dSt
St

= (r − q)dt+
√
ψtσ2

1,t + φtdW
S
1,t + σ2,tdW

S
2,t (A.62)

This model is a (ψt, φt)-displaced version of the two-factor model of Christoffersen, Heston and
Jacobs Christoffersen et al. (2009), which we will call 2-SV×+. The only non-zero correlations
imposed are

corr(dWS
1,t, dW

σ
1,t) = ρ1(t)dt (A.63)

corr(dWS
2,t, dW

σ
2,t) = ρ2dt (A.64)

with |ρ1(t)| ≤ 1 but left otherwise unspecified and ρ2 ∈ [−1, 1] an additional constant. Consider
first the stochastic volatility processXt = (σ2

1,t, σ
2
2,t)
> alone. It’s easy to check that this process fits

in our affine framework, is unaffected by the (ψt, φt)-displacements and its distributional properties
can be described by means of the conditional CF

f2-SV×+
σ (z1, z2;σ2

1,t, σ
2
2,t, τ) = EQ

[
eiz1σ

2
1,T+iz2σ

2
2,T

∣∣∣Ft] (A.65)

which, from Proposition 12, takes the following exponential affine form

log f2-SV×+
σ (z1, z2;σ2

1,t, σ
2
2,t, τ) =

∑
i=1,2

(
Aσi (zi; τ) +Bσi (zi; τ)σ2

i,t

)
(A.66)

where coefficients satisfy the following set of ODEs:

∂Aσi (zi; τ)

∂τ
= αiβiB

σ
i (zi; τ)

∂Bσi (zi; τ)

∂τ
=

1

2
Λ2
i (Bσi (zi; τ))2 − αiBσi (zi; τ)

(A.67)

with initial conditions Aσi (zi; 0) = 0 and Bσi (zi; 0) = izi. Explicit solutions can be found:

Aσi (zi; τ) = −2αiβi
Λ2
i

log

(
1− izi

Λ2
i

2αi

(
1− e−αiτ

))
Bσi (zi; τ) =

izie
−αiτ

1− izi
Λ2
i

2αi
(1− e−αiτ )

(A.68)

We can conclude that the price of VIX derivatives does not require any specification of the correla-
tions ρ1(t), ρ2, since it does not depend on them. By direct inspection of Proposition 11, the price
of a futures or option written on VIX, depends on the dynamics of St only thorough the affinity
coefficients of VIX scaled squared(

V IX2-SV×+
t

100

)2

=
1

τ̄

(∑
i=1,2

ai(τ̄) + bi(τ̄)σ2
i,t +

∫ t+τ̄

t

φsds

)
(A.69)

5In the present context the Feller condition 2αiβi ≥ Λ2
i , i = 1, 2 is not relevant and we do not

consider it further.
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which for this 2-SV×+ model take the form (i = 1, 2)

ai(τ̄) = βi
(
τ̄ − bi(τ̄)

)
bi(τ̄) =

1− e−τ̄αi
αi

(A.70)

but not on any correlation between dWS
i,t and dWσ

j,t.
We now go back to the complete specification of the 2-SV×+ model for (σ2

1,t, σ
2
2,t, xt)

> and analyze
the role of correlation function ρ1(t) and begin with the affine approach introduced by Duffie,
Pan and Singleton in Duffie et al. (2000). Borrowing from their notation, we rewrite the model in
2-SV×+ model in matricial form as

d

 σ2
1,t

σ2
2,t

xt

 = µdt+ σdW (A.71)

where dW = (dW (1), dW (2), dW (3), dW (4))> ∈ R4 is a 4-dimensional standard Wiener process
and the drift is the 3-dimensional vector µ = (µσ1 , µσ2 , µx)> ∈ R3

µσi = αl(βl − σ2
l,t) (i = 1, 2)

µx = r − q − 1

2

(
ψtσ

2
1,t + φt + σ2

2,t

) (A.72)

and it’s easy to see that µ is an affine function of the complete process (σ1,t, σ2,t, xt)
>

µ = K0 +K1

 σ2
1,t

σ2
2,t

xt



=

 α1β1

α2β2

r − q − 1
2
φt

+

 −α1 0 0
0 −α2 0
− 1

2
ψt − 1

2
0

 σ2
1,t

σ2
2,t

xt


The volatility matrix σ ∈ R3×4 is given by the following matrix

σ =

 Λ1σ1,t 0 0 0
0 0 Λ2σ2,t 0

ρ1(t)
√
ψtσ2

1,t + φt
√

1− ρ2
1(t)

√
ψtσ2

1,t + φt ρ2σ2,t

√
1− ρ2

2σ2,t

 (A.73)

The complete process is affine in the sense of (Duffie et al., 2000, Sec. 2.2) provided the variance-
covariance matrix σσ> ∈ R4×4 can be written as an affine function of (σ1,t, σ2,t, xt)

>

σσ> = H0 +H1 ·

 σ2
1,t

σ2
2,t

xt


= H0 +H

(1)
1 σ2

1,t +H
(2)
1 σ2

1,t +H
(3)
1 xt
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for some real symmetric 3 × 3 matrices H0 and H(i)
1 , i = 1, 2, 3. It’s easy to realize that, for a

general form of ρ1(t), there are no such matrices. Let us impose the following functional form on the
correlation:

corr(dWS
1,t, dW

σ
1,t) = ρ1(t)dt = ρ1

√
ψtσ2

1,t

ψtσ2
1,t + φt

dt (A.74)

with ρ1 ∈ [−1, 1] an additional constant. With this correlation structure imposed we easily find
that (H(3)

1 = 03×3)

σσ> =

 Λ2
1σ

2
1,t 0 ρ1Λ1

√
ψtσ

2
1,t

0 Λ2
2σ

2
2,t ρ2Λ2σ

2
2,t

ρ1Λ1

√
ψtσ

2
1,t ρ2Λ2σ

2
2,t ψtσ

2
1,t + φt + σ2

2,t



= H0 +H
(1)
1 σ2

1,t +H
(2)
1 σ2

1,t

=

 0 0 0
0 0 0
0 0 φt

+

 Λ2
1 0 ρ1Λ1

√
ψt

0 0 0
ρ1Λ1

√
ψt 0 ψt

σ2
1,t +

 0 0 0
0 Λ2

2 ρ2Λ2

0 ρ2Λ2 1

σ2
2,t

and therefore the 2-SV×+ model, equipped with the correlation structure in (A.74), is an affine
model in the sense of (Duffie et al., 2000, Sec. 2.2). We conclude this affine approach noting
that with this ad-hoc form for the correlation, the diffusion matrix σ can be written in the extended
canonical form of Collin-Dufresne and Goldstein (2002) and Cheridito et al. (2010)

σ3×4 = Σ3×4

√
V 4×4

=

 Λ1 0 0 0
0 0 Λ2 0

ρ1

√
ψt

√
1− ρ2

1,t ρ2

√
1− ρ2

2




√
σ2

1,t 0 0 0

0
√

φt
1−ρ21,t

+ ψtσ2
1,t 0 0

0 0
√
σ2

2,t 0

0 0 0
√
σ2

2,t


and thus satisfies their sufficient condition for affinity.
Let us now step back to the unspecified correlation ρ1(t) in (A.63) and follow the standard
PDE approach for pricing derivatives. Consider the conditional CF of the complete process
(σ2

1,t, σ
2
2,t, xt)

> ∈ R3

f2-SV×+
xσ (z, z1, z2;σ2

1,t, σ
2
2,t, xt, t, T ) = EQ

[
eizxT+iz1σ

2
1,T+iz2σ

2
2,T

∣∣∣Ft] (A.75)

The Feynmann-Kač theorem states that fxσ is a solution of the following boundary value problem6

(Bjork, 1998, Chap. 5)

∂tfxσ + µ>∇fxσ +
1

2
Tr
[
σ>Hxσσ

]
= 0

fxσ(z, z1, z2;σ2
1,T , σ

2
2,T , xT , T, T ) = eizxT+iz1σ

2
1,T+iz2σ

2
2,T

(A.76)

6∂tfxσ is for ∂fxσ
∂t

, ∇fxσ ∈ R3 denotes the gradient of fxσ w.r.t (σ2
1,t, σ

2
2,t, xt)

> ∈ R3, Hxσ ∈
R3×3 is the Hessian matrix of fxσ and Tr[·] the trace operator.
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where µ ∈ R3 and σ ∈ R3×4 have been defined in (A.73) and (A.73), respectively. From the
dynamics in (A.60), the PDE for fxσ may be written explicitly as follows (f := fxσ, Vi := σ2

i,t)7

0 = ∂tf +

[
r − q − 1

2
(ψtV1 + φt + V2)

]
∂xf +

1

2
(ψtV1 + φt + V2)∂2

xxf

+
∑
k=1,2

[
αk(βk − Vk)∂kf +

1

2
Λ2
kVk∂

2
kkf

]
+ ρ1(t)

√
ψtV1 + φtΛ1

√
V1∂

2
x1f + ρ2Λ2V2∂

2
x2f

It’s easy to realize that, for a general form of ρ1(t), the PDE is not analytically tractable, due to the
non-linear dependence w.r.t. V1 := σ2

1,t which prevents us from applying a separation argument.
Let us impose the correlation in (A.74)

corr(dWS
1,t, dW

σ
1,t) = ρ1(t)dt = ρ1

√
ψtV1

ψtV1 + φt
dt (A.77)

With this correlation structure, we obtain a linearization of the PDE

0 = ∂tf +

[
r − q − 1

2
(ψtV1 + φt + V2)

]
∂xf +

1

2
(ψtV1 + φt + V2)∂2

xxf

+
∑
k=1,2

[
αk(βk − Vk)∂kf +

1

2
Λ2
kVk∂

2
kkf + ρkΛkVk∂

2
xkf

] (A.78)

If we look for a solution of (A.78) with z = 0, we are in fact looking for a solution verifying

fxσ(0, z1, z2;σ2
1,t, σ

2
2,t, xt, t, T ) = EQ

[
eiz1σ

2
1,T+iz2σ

2
2,T

∣∣∣Ft]
= fσ(z1, z2;σ2

1,t, σ
2
2,t, τ)

that is the conditional CF of the volatility process Xt = (σ2
1,t, σ

2
2,t)
>. Since the dynamics of Xt

does not depends on xt, the PDE (A.78) satisfied by fσ , simplifies to (fσ := f )8

∂tf +
∑
k=1,2

[
αk(βk − Vk)∂kf +

1

2
Λ2
kVk∂

2
kkf

]
= 0

fσ(z1, z2;σ2
1,T , σ

2
2,T , 0) = eiz1σ

2
1,T+iz2σ

2
2,T

(A.79)

and if we substitute the educated guess of equation A.66

fσ(z1, z2;σ2
1,t, σ

2
2,t, τ) = e

∑
k=1,2 A

σ
k (zk;τ)+Bσk (zk;τ)σ2

k,t (A.80)

7For ease of notation, in the PDE we will also write ∂xfxσ for ∂fxσ
∂xt

, ∂kfxσ for ∂fxσ
∂Vk

, ∂2
xxfxσ for

∂2fxσ
∂x2
t

, ∂2
ijfxσ for ∂2fxσ

∂Vi∂Vj
, ∂2
xifxσ for ∂2fxσ

∂xt∂Vi
.

8One can easily realize that the PDE in (A.78), with the terminal condition f(T ) = eiz1σ
2
1,T+iz2σ

2
2,T

can be verified by a function independent from xt, that is verifying ∂xf = ∂2
xxf = ∂2

xkf = 0.

136



it’s a simple check of internal consistency to verify that the coefficients Aσk and Bσk will satisfy the
set of ODEs in (A.67).
We now go back to the full linear PDE in (A.78) and look for a solution with z1 = z2 = 0, that
is we look for the conditional CF of the log-price, needed in pricing equity derivatives Lewis (2000,
2001)

fxσ(z, 0, 0;σ2
1,t, σ

2
2,t, xt, t, T ) = EQ

[
eizxT

∣∣∣Ft]
= fx(z, σ2

1,t, σ
2
2,t, t, T )

Since the dynamics of xt = logSt depends on the dynamics of the volatility factors Xt, the choice
z1 = z2 = 0 will only modifies the terminal condition, otherwise leaving the PDE in (A.78)
unchanged (fx := f )

∂tf +

[
r − q − 1

2
(ψtV1 + φt + V2)

]
∂xf +

1

2
(ψtV1 + φt + V2)∂2

xxf+

∑
k=1,2

[
αk(βk − Vk)∂kf +

1

2
Λ2
kVk∂

2
kkf + ρkΛkVk∂

2
xkf

]
= 0

fx(z;σ2
1,T , σ

2
2,T , xT , T, T ) = eizxT

(A.81)

Now we substitute in (A.77) the educated guess

log fx(z;V1, V2, xt, t, T ) = i(xt + (r− q)τ)z+
∑
k=1,2

(
A
x
k(z, t, T ) + B

x
k (z, t, T )σ

2
k,t

)
−

1

2
z(i+ z)Iφ(t, T )

(A.82)

where Iφ(t, T ) =
∫ T
t
φsds, it’s easy to show that the coefficients Axk(z; t, T ) and Bxk (z; t, T ) solve

the following set of ODEs

∂tA
x
k = −αkβkBxk

∂tB
x
1 = −1

2
Λ2

1 (Bx1 )2 + (α1 − izρ1Λ1)Bx1 +
1

2
z(i+ z)ψt

∂tB
x
2 = −1

2
Λ2

2 (Bx2 )2 + (α2 − izρ2Λ2)Bx2 +
1

2
z(i+ z)

(A.83)

with null initial conditions at t = T . For generic ψt the Riccati equation forBx1 (and thusAx1 ) does
not have a closed-form solution, but can be easily integrate numerically, whereas the others can be
given explicitly:

Ax1(z; τ) =
α1β1

Λ2
1

[
(c1 − d1)τ − 2 log

(
1− g1e

−d1τ

1− g1

)]
Bx1 (z, τ) =

c1 − d1

Λ2
1

1− e−d1τ

1− g1e−d1τ

(A.84)

where we have defined the auxiliary parameters:

ck = αk − izρkΛk

dk =
√
c2k + z(i+ z)Λ2

k

gk =
ck − dk
ck + dk

(A.85)
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This examples suggest that (Ψt,Φt)-displaced affine models of the volatility factor pro-
cessXt are in general subjected to restrictions in their correlation structure (such as those in
equations A.59 and A.74) in order for the affinity to be extended to the complete (Xt, St)

>

process. Moreover, this last example shows the problems arising from the presence of the
displacement functions in two different perspectives. On one side the restriction on the cor-
relation structure allows the variance-covariance matrix of the complete process to be an
affine function of (Xt, logSt)

>, as required by the affinity definition in Duffie et al. (2000).
On the other side, the ad-hoc correlation structure leads to a separable equity pricing PDE
(for the log-price CF fx), therefore easily numerically or even analytically integrable, but
it does not affect the separable VIX derivatives pricing PDE (for the factor process CF fσ),
consistently with the fact that Xt is affine despite the non-affinity of the complete process
(Xt, St)

>.
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